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invariance under a group of transformations
Felix Klein

If Plato and Klein are correct, then God must be a
group-theorist. Is She?
Fearful Symmetry



Figures

1.1 The Geometer God plans His universe: William Blake’s
The Ancient of Days

1.2 The symmetry of a splash

1.3 Hexagonally symmetric model of an oilfield. The flow of oil in the shaded
triangle determines the rest of the flow by symmetry’. Or does 1t?

1.4 Flow past a bilaterally symmetric aircraft. (a) need not happen in practice;
but if (b) does, so must (c)

1.5 Buckling of a cylinder into a symmetric pattern of dimples, under pressure
from the ends. The cylinder 1s set inside a slightly larger glass one to
prevent large buckles

1.6 When a sphere first buckles, it has circular symmetry

1.7 (a) Bilateral symmetry of a truck. (b) Ghide-reflection symmetry of the
vortex train that 1t produces

1.8 Symmetries of a cylinder

1.9 (a) Straight bark on a sequoia. (b) Spiral bark

1.10 Hexagonal pattern of stone nests, caused by convection

1.11 Computer-generated honeycomb pattern in a mathematical model of
convection. The height of the surface represents the vertical speed with
which fluid is moving

1.12 Hoax, UFO, or broken symmetry? The enigma of corn circles

12

13

16

18

18

19

21

22

23



x Figures

2.1 Symmetry axis of the human body
2.2 Symmetries of a perfect starfish. (a) Rotation. (b) Reflection
2.3 Symmetries of a line. (a) Translation. (b) Reflection

2.4 Symmetries of the plane. (a) Translation. (b) Rotation. (c) Reflection.
(d) Glide reflection

2.5 A screw symmetry

2.6 The ten symmetries of a starfish. The shaded region 1s marked to represent
the motion. The starfish at the top 1s for reference: the others show its
tmages under the ten symmetry transformations. The first transformation

is the identity: leave it alone

2.7 The five regular solds. (a) Tetrahedron. (b) Cube. (c) Octahedron. (d)
Dodecahedron. (e) Icosahedron

2.8 Escher’s Circle Limit IV of 1960 represents the geometry of the hyperbolic
plane, from which point of view all the devils have the same shape and
size, as do all therr complementary angels

2.9 The Isle of Man’s running legs are symmetric under rotations through
multiples of 120°

2.10 Symmetry axes of a regular n-sided polygon with n = 6
2.11 Duality between pairs of regular solids

2.12 Chladn patterns, formed by sand on a vibrating plate. The plate has
square symmetry, but many patterns have less

3.1 Zeeman'’s catastrophe machine; an experiment in symmetry-breaking

3.2 Various states of the catastrophe machine. (a) Symmetric state.
(b) Perturbed state. (c) Reflected state

3.3 Pitchfork bifurcation diagram shows how the position in which the
catastrophe machine sits depends upon the amount by which the elastic
has been stretched

3.4 Translation along the time axis
3.5 Time-reversible pattern of cat footfalls. Left: a galloping cat. Right: the

same sequence (shaded), upon which a time-reversed sequence (outline) is
superimposed 1n a way that fixes the cat’s centre of gravity. The reversed

29

31

35

38

41

45

47

48

50

53

55

57

62



Figures xi

cat’s paws match the original almost exactly. Notice that the cat, as well
as time, must be reflected 64

3.6 Oscillations of a hosepipe. (a) Pendulum-like planar motion

(standing wave). (b) Circular motion (travelling or rotating wave) 68
3.7 A ring of n identical symmetrically coupled oscillators 71
4.1 Perfect crystals of (a) mercurous chloride, (b) lead sulphate, (c) calcite 74
4.2 (a) Single crystal of potassium sulphate. (b) Twinning of potassium

sulphate crystals. (c) Repeated twinning 75
4.3 Snow crystals: a variety of designs, all with hexagonal symmetry 78
4.4 Kepler’s three types of sphere-packing. (a) Cubic lattice. (b) Face-centred

cubic lattice. (c) (Three-dimensional) hexagonal lattice 80
4.5 Hooke’s theory of spherical particles, from his Micrographia of 1665 81

4.6 Different truncations of a cube: all are possible forms for a crystal of galena 83

4.7 A rhombic dodecahedron built from cubes, from Héuy's Traité de

Minéralogie of 1801 87

4.8 Crystals of beryl have hexagonal symmetry 89

4.9 A cubic lattice and one of its fundamental cells 92
4.10 The four kinds of two-dimensional lattice. (a) Square. (b) Rectangular.

(c) Hexagonal. (d) General 93

4.11 Different Lattices with the same point group D, 93

4.12 The 14 Bravais lattices in three dimensions 94

4.13 A Penrose pattern: two types of tile, arranged aperiodically, with
approximate five-fold symmetry 95

4.14 Kepler’s anticipation (Aa) of Penrose patterns, from his
Harmonices Mundi of 1619 96

4.15 X-ray diffraction pattern from a crystal of beryl. Note the hexagonal
symmetry 98

4.16 Hexagonal lattice formed from fish territories in Lake Huron 29



xii  Figures
4.17 Automatic symmetry in the packing of circles. (a) Two circles.
(b) Three circles
4.18 A crystal of olivine, involving several types of atom
5.1 Couette’s cylinders
5.2 Patterned flows in the Couette—~Taylor system. (a) Couette flow.
(b) Taylor vortices. (c) Wavy vortices. (d) Turbulent Taylor vortices.
(e) Spirals

5.3 Experimental diagram showing how different combinations of cylinder
speeds yield different flows.

5.4 Computer-generated flow-patterns. Black represents regions where the

axial flow 1s upwards, white downwards. (a) Taylor vortices. (b) Spirals.

(c) Wavy vortices. (d) Ribbons
5.5 The roll pattern in Bénard convection
5.6 Polygonal cells in experimental Bénard convection

5.7 Theoretical patterns in Bénard convection. Fluid moves upward in the
dark regions and downward in the light regions

5.8 Polyhedral Bénard convection in the region between two spheres
6.1 Sunspots
6.2 Absorption lines in the spectrum of the Sun

6.3 The pear-shaped blob theory of the formation of the Moon. The second
stage 1s a Maclaurin spheroid

6.4 Our galaxy, the Milky Way
6.5 The Dramatic spirals of M51
6.6 Hubble’s picture of his sequence

6.7 Computer simulation of the dynamucs of a circular disc of stars.
(a) Requiring symmetry to be preserved. (b) Allounng 1t to break

6.8 Godfrey’s kinky current: a slowly revolving hexagonal structure at
Saturn’s north pole. The dark radial lines are artefacts of the way the
picture was produced

101

102

105

106

110

117

119

120

121

123

129

130

132

133

137

138

141

144



Figures

6.9 Symmetric oscillations of the Sun
6.10 The Great Wall: a vast cluster of galaxies

6.11 Computer simulation of galactic clustering, in which an initially
random collection of galaxies clumps together under gravitational forces

7.1 T'pots and Top’ts. Why does a mirror change allies into enemies?
7.2 Icosahedral structure of the Adenovirus
7.3 Frog development: note changes in symmetry

7.4 Early stages in the sequence of cell divisions, shown here for
polychaete worms

7.5 Cell divisions in nematode worms
7.6 Gastrulation in the frog

7.7 Topological transformation mapping the outward form of one species of
fish, Polyprion (a) to that of another, Pseudopriacanthus altus (b)

7.8 The hydra. This one has buds and 1s less than perfectly symmetric, but
real hydras tend to be like that

7.9 Computer simulation of symmetry-breaking in the morphogenests of the
alga Acetabularia. The graph shows ripples in the calcium concentration
at the tip of the growing organism

7.10 Polyps whose tentacles are polyps with tentacles

7.11 Gastrulation in the echinoderm larva

7.12 Early stages in the development of left- and right-handed snails

7.13 Left- and right-handed snails from the species Patura suturalis

7.14 Simulation of patterns on a bilaterally symmetric (and almost front/back

symmetric) amimal skin From the fourth picture onwards, left-right

symmetry 1s broken

7.15 Circular symmetry-breaking bifurcation n tapered tails, in nature and
in computer simulation (a) Leopard. (b) Jaguar. (c) Cheetah. (d) Genet

7.16 Imaginary animals whose markings could in principle be formed by
symmetry-breaking. (a) Spigers. (b) Squeopards

xiii
145

146

147
150
151

153

154
155

156

161

170

173

173

175

179

180

183

184

185



xiv  Figures

7.17 Wolpert’s French flag model. A morphogen diffusing from source to
sink creates a concentration gradient (sloping line). Thresholds of the
concentration can trigger distinct processes (regions of the flag)

8.1 The bound of the long-tailed Siberian souslik retains bilateral symmetry

8.2 The pace of the camel breaks bilateral symmetry

8.3 The amble of the elephant

8.4 The trot of a horse

8.5 The transverse gallop of a cheetah

8.6 The rotary gallop of a horse

8.7 The canter of a horse

8.8 A feline pronk

8.9 Phase relationships in gaits: the animal is a quadruped viewed
from above

8.10 Network of two coupled cells (schematic)

8.11 Oscillation patterns for two coupled cells. Above: in-phase.
Below: out-of-phase

8.12 In-phase bound of kangaroo

8.13 Out-of-phase half-bound of Severtsov’s jerboa

8.14 Five possible networks of neural oscillators. The amimal is facing in the
direction of the arrow, and limbs, viewed from above, are controlled
by the corresponding oscillator

8.15 Schematic picture of sample bifurcations 1n anmimal gaits

8.16 Hysteresis in animal gaits

8.17 A universal pattern of symmetry-breaking in animal gaits. Arrows
indicate loss of symmetry

8.18 (a) Oxygen consumption (vertical axis) of horses for various gaits and
speeds (horizontal axis). (b) Interpretation as a bifurcation diagram,
same horizontal scale

187

190

191

196

196

197

197

198

199

200

205

206

206

207

209

214

215

216

217



Figures xv

8.19 The in-phase flight of a pigeon

8.20 Simulated tripod gait of a computer bug. White legs move in phase;
black legs are half a period out of phase with white legs

8.21 Centipede gatts in the wild. Speed increases from left to right.
Thick lines indicate legs 1 contact with the ground

8.22 Travelling wave n a moving butterfish

9.1 The bifurcation diagram of the logistic equation. The carrying capacity k
1s plotted horizontally; the long-term behaviour of the population x
vertically. Curves indicate steady or periodic states, bands are chaos

9.2 (a) Bifurcation dagram for the odd logistic equation, starting from
positive 1itial values of x. (b) Bifurcation diagram for the same
equation, starting from negative initial values

9.3 The eight 1mages of a point under the symmetries of a square. The
original pownt 1s in the shaded triangle: small squares indicate the
transformations used

9.4 Two examples of symmetric icons. See Appendix 1 for details

9.5 Symmetric chaos in a system of three coupled oscillators. This picture 1s
processed by computer from experimental data

9.6 Repeating designs are charactenistic of the work of Maurits Escher
9.7 An lslamic pattern

9.8 Fundamental cell and translations n a lattice

9.9 Three different patterns based on a square lattice

9.10 Colour symmetry i an Escher lithograph

9.11 Pélya’s oniginal drawing of the seventeen wallpaper patterns. He has
added the international crystallographic symbols by hand

9.12 Quilt patterns designed by symmetric chaos

10.1 Kepler's theory of planetary distances: regular solids sandwiched
between celestial spheres

10.2 Ptolemy’s epicycles can (a) model planetary orbits, and (b) model
anything else too

219

220

220

221

226

228

229

230-1

232

234

235

236

237

237

239

241

247

248



xvi Figures

10.3 Molecular structure of Buckminsterfullerene

10.4 Geometric patterns of quantum properties of fundamental particles

10.5 Crystal disclinations have their own geometric patterns

10.6 Some self-propagating structures in the game of Life. The glider gun
(top) emits a stream of gliders (lower right). One snapshot of the

process is shown, and for simplicity only every third grid line 1s
drawn. The black blobs will die at the next stage: the white ones will

remain alive. New blobs will be born according to the rules of the game.

The entire process repeats every 30 generations
10.7 Discrete logarithmic spiral symmetry: cross section of a Nautilus

10.8 The Sierpiriski gasket has self-sirmlarities as well as conventional
symmetries

250

254

258

261

266

267



Preface

When we decided to write a sequel to Does God Play Dice?, we knew it
was going to be a hard act to follow. Chaos, the subject of that book,
was — and still is - one of the major growth areas of scientific
research, where the frontiers of mathematics and physics collide; its
applications range from the transmission of epidemics to the orbital
motion of Pluto. Moreover, it rides on the back of a philosophical
paradox: how can deterministic mathematical models produce ran-
dom behaviour? You can get a lot of mileage out of a philosophical
paradox.

So, instead of following the act, we decided to precede it. Logically
(but not chronologically) Fearful Symmetry: Is God a Geometer? comes
before its predecessor: it's what movie-makers call a prequel. Does
God Minus One. It's about patterns, rather than their absence. The
way we've written it, it's about the area in which we do research,
which isn’t of itself a major global movement. However, as the
writing of the book progressed, it became our private picture of a
global movement far vaster than chaos, one that’s been around for
centuries: the search for mathematical explanations of nature’s regu-
larities. Chaos, of course, is really part of that enterprise too: it
extracts new regularities from apparent disorder.

Despite its subtitle, Fearful Symmetry isn’t a theology book, or a
geometry text. It's about the role of symmetry in pattern formation. A
lot of books, including several classics, have been written about
symmetry in mathematics, art, science, and nature. So what’s new?
The answer is that most of those books view symmetry as a static
phenomenon: an object either has symmetry or it doesn’t. If they do
any mathematics they usually try to teach you about group theory,
which is the mathematics that defines, organizes, and classifies
symmetry. They will tell you that William Blake’s celebrated ‘tyger’,
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to whom our title pays homage, still looks like a tyger when you view
it in a mirror.

Group theory is given a mention here, but only as a language.
Mathematically, we take a rather different line, emphasizing dynamic
processes in which symmetry can either be destroyed or created. For
us, the fearful symmetry of the tyger lies in the dynamics of biological
development, which creates a miracle of striped perfection from a
spherical egg less than a millimetre across. Fearful, indeed - but in
the sense of ‘awe-inspiring’. So, instead of just classifying, enumerat-
ing, and recognizing various types of symmetry in a thousand
manifestations, we ask - and offer answers to — two basic questions.
John Kenneth Galbraith once wrote a book called Money: Where It
Came From, Where It Went; we tackle the same questions for symme-
try. What is it, and where did it go?

Chaos demonstrates that deterministic causes can have random
effects — a big surprise, even if everybody now claims they knew it all
along. There’s a similar surprise regarding symmetry: symmetric
causes can have asymmetric effects. This must be a surprise, because
it directly contradicts a celebrated principle formulated by the great
physicist Pierre Curie. Of course, it turns out that with the right
interpretation, Curie was right all along; but many of the conse-
quences people draw from his principle are wrong, because they use
the wrong interpretation.

This paradox, that symmetry can get lost between cause and effect,
is called symmetry-breaking. In recent years scientists and mathemati-
cians have begun to realize that it plays a major role in the formation
of patterns. How can the destruction of symmetry create pattern?
That's one aspect of the paradox. Part of its resolution is that the
time-honoured term ‘breaking’ is poorly chosen. Some quirks of the
human pattern-recognition system are also involved.

Among the patterns that you’ll meet in this book are many that
occur on a human scale, such as the stripes on Blake’s tyger, corn
circles, dewdrops on a spiderweb, and the pattern in which centi-
pedes move their legs. On larger scales they range through the chain
of volcanoes that makes up the Hawaiian islands, the vibrations of
stars, the spiral swirl of galaxies, even the universe itself. In the
opposite direction, they include the arrangement of atoms in a
crystal, the shape of viruses, and the structure of subatomic particles.
From the smallest scales to the largest, many of nature’s patterns are a
result of broken symmetry; and our aim is to open your eyes to their
mathematical unity.

The interaction of symmetry with dynamics is itself a rapid growth
area of research: it may not be as well known as chaos, but in some
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respects it's probably more useful. Humanity has always been better
at exploiting patterns than it has chaos; though perhaps better at
generating chaos than order. It may seem that there is an unbridge-
able gulf between symmetry and chaos; but one of the most exciting
prospects for future discoveries lies in their interaction. In the
dynamic behaviour of systems with symmetry mathematicians have
stumbled upon a natural meeting-place for order and chaos, a story
that we tell in the penultimate chapter.

Traditionally, a preface is a place to thank friends and colleagues
for their assistance. We could probably fill a book the size of this one
with the names of all the people who have, in one way or other,
contributed. We have room only to name a few. They include Mark
Allin, Peter Ashwin, Fritz Busse, Pascal Chossat, Jack Cohen, Jim
Collins, John David Crawford, Michael Dellnitz, Russell Donnelly,
Mike Field, David Fowler, Gabriela Gomes, Brian Goodwin, Mike
Impey, Gérard looss, Barbara Keyfitz, Greg King, Edgar Knobloch,
Bill Langford, Alan MacKay, Jerry Marsden, lan Melbourne, James
Montaldi, Jim Murray, David Nelson, Terry Pratchett, Mark Roberts,
David Schaeffer, Michelle Shatzman, Mary Silber, Jim Swift, Harry
Swinney, and Randy Tagg. Their contributions range from funda-
mental research to classical scholarship, from pointing out ghastly
errors in drafts to drawing computer graphics, from tracking down
three-legged dogs to telling us about left-handed snails. Our debt to
our predecessors is also obvious: it is explicit in the numerous quotes
from their writings, and implicit in the many ideas we’ve stolen.

Fearful Symmetry isn’t about technology, about gadgets, about
gee-whiz breakthroughs that will revolutionise our lives. It's more of
an exercise in what used to be called natural philosophy: a broad-
brush picture of some of the more interesting of nature’s marvels,
drawn together from a unified viewpoint. Symmetry-breaking isn’t
the long-sought Theory of Everything (though physicists in search of
such a theory make strong appeals to symmetry-breaking); but we
believe it to be a Theory of Something, which may well be a better
idea. Once you’'ve become sensitized to that something, to the role
that symmetry-breaking plays in nature’s patterns, then you'll see the
world around you with new eyes.

INS and MG
Coventry and Houston
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1

Geometer God

One could perhaps describe the situation by saying that God is a
mathematician of a very high order, and he used very advanced
mathematics in constructing the universe.

Paul Dirac, The Evolution of the Physicist’s Picture of Nature

‘God Ever Geometrizes’

So (it is said) the Greek philospher Plato stated his belief that the
physical universe is governed by laws that can be expressed in the
language of mathematics. It isn’t necessary to subscribe to the
existence of a personal deity to observe that there are patterns and
regularities in the world that we inhabit, and to wonder why; but
Plato’s statement is economical, pointed, and strikes at the heart of
the matter. Nature’s patterns are mathematical.

Numerous scientists throughout the ages have held similar beliefs.
In 1956 Paul Dirac, one of the founders of quantum mechanics,
visited the University of Moscow, and was asked to write an
inscription on a blackboard, to be preserved for posterity. It was an
honour reserved for only the very greatest visitors. Dirac knew this,
and selected his personal credo: ‘A physical law must possess
mathematical beauty.’

Nearly all of today’s science is founded on mathematics; indeed the
state of maturity of a science is often judged by how mathematical it
has become. Even biology, traditionally one of the least mathematical
of the true sciences, has become much more so as it delves ever more
deeply into the information-processing structures that surround the
DNA molecule. Mathematics in its purest form - logic - lies at the
heart of genetics, evolution, what it means to be alive, to be human.



2  Geometer God

Scientists use mathematics to build mental universes. They write
down mathematical descriptions — models - that capture essential
fragments of how they think the world behaves. Then they analyse
their consequences. This is called ‘theory’. They test their theories
against observations: this is called ‘experiment’. Depending on the
result, they may modify the mathematical model and repeat the cycle
until theory and experiment agree. Not that it’s really that simple; but
that’s the general gist of it, the essence of the scientific method. The
real thing, with its emotional commitment, priority disputes, and
Nobel prize political infighting, also has sociological aspects. Those
arise because science has to be performed by people, and people suffer
from all sorts of distractions. The strangest aspect of this process is
that it works. God does geometrize. Or, at least, humans often
manage to convince themselves that She does. The growth of
scientific understanding has been matched pace for pace by the
development of mathematics; the two go hand in hand. The image of
the Geometer God is powerful in art: for example, William Blake’s
painting The Ancient of Days of 1794 (Figure 1.1) shows the deity,
dividers in hand, measuring up the universe for the act of creation.

The precursor to this book, Does God Play Dice?, examined chaos,
the new mathematics of irregularity — the (sometimes only apparent)
absence of pattern. Fearful symmetry is a ‘prequel’ rather than a sequel:
it centres around the mathematics of regular pattern, which is
conceptually simpler than chaos. Patterns in nature are a constant
source of surprise and delight, and the dominant source of pattern in
symmetry.

In everyday language, the words ‘pattern” and ‘symmetry’ are used
almost interchangeably, to indicate a property possessed by a regular
arrangement of more-or-less identical units — for example the
typographical pattern EEEEEEEEEEEE. Nature uses a similar pattern
to design centipedes. Mathematicians use the word ‘pattern’ in-
formally, and in much the same way; but they reserve ‘symmetry’ for
a concept that is more precise than its everyday usage, and in some
respects slightly different from it. The mathematician’s view of
symmetry applies to an idealized string of Es that is infinite both to
left and right. It focusses upon the transformations that leave the entire
string of symbols looking exactly the same. One such transformation
is ‘shift every symbol one place sideways’. Another is ‘turn every-
thing upside down’. The first transformation expresses the fact that
each segment of a centipede looks the same as its neighbours; the
second, that a centipede looks exactly the same in a mirror. There are
other transformations that leave the entire string of symbols looking



Figure 1.1 The Geometer God plans His universe: William Blake’s The Ancient
of Days




4 Geometer God

exactly the same, such as ‘shift two places sideways and turn upside
down’, but they are simply combinations of the two just described.

To a mathematician, an object possesses symmetry if it retains its
form after some transformation. A circle, for example, looks the same
after any rotation; so a mathematician says that a circle is symmetric,
even though a circle is not really a pattern in the conventional
sense — something made up from separate, identical bits. Indeed the
mathematician generalizes, saying that any object that retains its form
when rotated - such as a cylinder, a cone, or a pot thrown on a
potter's wheel — has circular symmetry. One advantage of this
approach is that it provides a quantitative approach to symmetry,
allowing comparisons between different objects. For instance, an
object that retains its form under only some rotations — such as a
square, which loses its orientation unless it is rotated through a
multiple of a right angle — can sensibly be described as being less
symmetric than a circle.

One of the great themes of the past century’s mathematics is the
existence of deep links between geometry and symmetry. Blake’s
painting anticipates this in its powerful suggestion of bilateral sym-
metry. If the signature of a Dicing Deity is chaos, then the signature
of a Geometer God is symmetry. Is it inscribed upon our world?

Indelibly. Our universe is an apparently inexhaustible source of
symmetric patterns, from the innermost structure of the atom to the
swirl of stars within a galaxy. Plato made mathematical regularity the
keystone of his philosophy, and viewed reality as an imperfect image
of an ideal world of pure forms. In Book VII of The Republic he offers a
striking allegory of people imprisoned in a cave, able to see only
shadows of the outside world on the wall:

And do you see, I said, men passing along the wall, some apparently
talking and others silent, carrying vessels, and statues and figures of
animals made of wood and stone and various materials, which appear
over the wall?

You have shown me a strange image, and they are strange prisoners.

Like ourselves, I replied; and they see only their own shadows, or
the shadows of one another, which the fire throws on the opposite wall
of the cave?

True, he said; how could they see anything but the shadows if they
were never allowed to move their heads?

And of the objects which are being carried in like manner they would
only see the shadows?

Yes, he said.

And if they were able to talk with one another, would they not
suppose that they were naming what was actually before them?
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Whether or not we embrace Plato’s theory of forms — ideal shapes
whose ‘shadows’ we see on the walls of our world, imagining them to
be the primary reality — there are few of us who are unmoved by the
extraordinary tendency of nature to produce mathematical patterns.
How do such patterns arise? We shall concentrate on one very
fundamental process of pattern-formation, known as symmetry-
breaking. This is itself a paradoxical phenomenon: it occurs when a
symmetric system starts to behave less symmetrically. In some
manner - which we’ll explore - symmetry gets lost. Curiously, the
typical result of a loss of symmetry is pattern, in the sense of regular
geometric form, because only seldom is all symmetry lost. An oddity
of the human mind is that it perceives too much symmetry as a bland
uniformity rather than as a striking pattern; although some symmetry
is lost, pattern seems to be gained because of this psychological trick.
We are intrigued by the pattern manifested in circular ripples on a
pond (why circles?), but not by the even greater symmetry of the
surface of the pond itself (it's pretty much the same everywhere).
Mathematically, a uniform, featureless plane has a vast amount of
symmetry; but nobody ever looks at a wall painted in a single colour
and enthuses over its wonderful patterns. This perceptual quirk often
makes nature’s patterns seem more puzzling than they really are.

To those whose perceptions have been suitably sharpened,
symmetry-breaking is everywhere. It’s visible in the way people walk
and horses trot, in the dew that glistens on spiderwebs at dawn, the
ripples on a pond, the swell of ocean waves, the stripes of a tiger, the
spots of a leopard. It evidences itself in less homely ways: the
glittering facets of crystals, the ponderous vibrations of stars, the
spiral arms of galaxies — perhaps even the gigantic voids and clusters
of the universe, of whose presence science has only recently become
aware.

Or so we shall argue.

Even the splash of a raindrop is symmetry-breaking in action. Let’s
begin with raindrops.

The Shape of a Splash

Our favourite oddball science book is On Growth and Form by d’Arcy
Thompson. If you've never read this provocative and penetrating
treatise, get a copy from somewhere - though be warned, part of its
appeal is an outmoded charm, so don’t take it too seriously. Thomp-
son was a pioneer of the idea that there are mathematical features to
biological form. Prominently displayed at the very front of his book






