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Abstract — Classical dynamics can be formulated in terms of trajectories or in tcrms of statistical
ensembles whose time evolution is described by the Liouville equation. It is shown that for the class
of large non-integrable Poincaré systems (LPS) the two descriptions are not equivalent. Practically all
dynamical systems studied in statistical mechanics belong to the class of LPS. The basic step is the
extension of the Liouville operator L, outside the Hilbert space to functions singular in their
Fourier transforms. This generalized function space plays an important role in statistical mechanics as
functions of the Hamiltonian, and therefore equilibrium distribution functions belong to this class.
Physically, these functions correspond to situations characterized by ‘persistent interactions’ as
realized in macroscopic physics. Persistent interactions are introduced in contrast to ‘transient
interactions’ studied in quantum mechanics by the S-matrix approach (asymptotically free in and out
states).

The eigenvalue problem for the Liouville operator Ly is solved in this generalized function space
for LPS. We obtain a complex, irreducible spectral representation. Complex means that the
eigenvalues are complex numbers, whose imaginary part refers to the various irreversible processes
such as relaxation times, diffusion etc. Irreducible means that these representations cannot be
implemented by trajectory theory. As a result, the dynamical group of evolution splits into two
semi-groups. Moreover, the laws of classical dynamics take a new form as they have to be
formulated on the statistical level. They express ‘possibilities” and no more ‘certitudes’.

The reason for the new features is the appearance of new, non-Newtonian effects due to Poincaré
resonances. The resonances couple dynamical events and lead to ‘collision operators’ (such as the
Fokker-Planck operator) well-known from various phenomenological approaches to non-equilibrium
physics. These ‘collision operators’ represent diffusive processes and mark the breakdown of the
deterministic description which was always associated with classical mechanics. ‘Subdynamics’ as
discussed in previous publications, is derived from the spectral representation.

The eigenfunctions of the Liouville operator have remarkable properties as they lead to long-
range correlations due to resonances even if the interactions as included in the Hamiltonian are
short-range (only equilibrium correlations remain short-range). This is in agreement with the results
of non-equilibrium thermodynamics as the appearance of dissipative structures is connected to
long-range correlations.

In agreement with previous results, it is shown that there exists an intertwining relation between
Ly and the collision operator © as defined in the text. Both have the same eigenvalues and arc
connected by a non-unitary similitude ALyA~! = ©. The various forms of A and their symmetry
properties are discussed. A consequence of the intertwining relation are ‘non-linear Lippmann-—
Schwinger’ equations which reduce to the classical linear Lippmann-Schwinger equations when the
dissipative effects due to the Poincaré resonances can be neglected.

Using the transformation operator A, we can define new distribution functions and new
observables whose evolution equations take a specially simple form (they are ‘bloc diagonalized’).
Dynamics is transformed in an infinite set of kinetic equations. Starting with these equations, we can
derive #-functions which present a monotonous time behavior and reach their minimum at
equilibrium. This requires no extra-dynamical assumptions (such as coarse graining, environment
effects ...). Moreover, our formulation is valid for strong coupling (beyond the so-called Van
Hove’s A2t limit).
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We then study the conditions under which our new non-Newtonian effects are observabie. For a
finite number N of particles and transient interactions (such as realized in the usual scattering
experiments) we recover traditional trajectory theory. To observe our new effects we need persistent
interactions associated to singular distribution functions. We have studied in detail two examples,
both analytically and by computer simulations. These examples are persistent scattering in which test
particles are continuously interacting with a scattering center, and the Lorentz model in which a
‘light’ particle is scattered by a large number of ‘heavy’ particles. The agreement between our
theoretical predictions and the numerical simulations is excellent. The new results are also essential
in the thermodynamic limit as introduced in statistical mechanics. We recover also, the results of
non-equilibrium statistical mechanics obtained by various phenomenological approximations.

Of special interest is the domain of validity of the trajectory description as a trajectory is
traditionally considered as a primitive, irreducible concept. In the Liouville description the natural
variables are wave vectors k which are constants in free motion and modified by interactions and
resonances. A trajectory can be considered as a coherent superposition of plane waves corresponding
to wave vectors k. Resonances correspond to non-local processes in space-time. They threaten
therefore the persistence of trajectories. In fact, we show that whenever the thermodynamic limit
exists, trajectories are destroyed and transformed into singular distribution functions. We have a
‘coliapse’ of trajectories, to borrow the terminology from quantum mechanics. The trajectory
becomes a stochastic object as in Brownian motion theory.

In conclusion, we obtain a unified formulation of dynamics and of thermodynamics. This involves
the introduction of LPS which leads to dissipation together with the consideration of delocalized
situations. From this point of view, there is a strong analogy with phase transitions which are also
defined in the thermodynamic limit. Irreversibility is, in this sense, an ‘emergent’ property which
could not be included in classical dynamics as long as its study was limited to local, transient
situations.

1. INTRODUCTION

In the past it has been repeatedly asked if quantum mechanics is ‘complete’. The reason to
ask this question is the difficulty to incorporate measurement and more generally
dissipative processes in the frame of the conventional formulation of quantum theory.
Similar questions can also be asked in the frame of classical mechanics. In previous papers
[1-14] we have already indicated that these questions can be answered by formulating
classical or quantum mechanics on the statistical level for classes of unstable dynamical
systems (deterministic chaos, large Poincaré systems (LPS) which are non-integrable and
for which the frequencies are continuous functions of wave length). Here we shall present
an overview of our extension of classical mechanics for LPS.

In classical mechanics trajectories occupy a privileged position (somewhat as pure states
in quantum theory) as equations of motion correspond to point transformations. In
addition, there exists the ensemble description introduced by Gibbs and Einstein. The
statistical description has been considered to be only a question of practical convenience or
approximation. It was always admitted that the ‘individual’ description in terms of
trajectories and the statistical description in terms of ensembles were equivalent. It is this
equivalence which is destroyed for the classes of unstable systems we consider. There
appear new solutions on the statistical level which cannot be implemented by trajectory
dynamics. As a result the laws of dynamics take a new form for LPS. They now express
‘possibilities’ and not ‘certitudes’. Moreover, they incorporate time-symmetry breaking as
they lead to a semi-group description. We can in this way construct J-functions on a purely
dynamical basis and unify dynamics and thermodynamics.

We consider Hamiltonians which are of the form

N 2 N
H(g, p) = Ho(p) + AV(q) = z;’—" + 23 V(lq, - q), 1)
i=1

m; i>i
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where 4 is the coupling constant, and g and p are N-component vectors, i.e., ¢ =(q,, .. ..
qy) with three-dimensional vectors q;, and so on. The system is put into a large box with
volume L°. These are the systems studied in equilibrium and non-equilibrium statistical
mechanics. It is well known that these systems are in general non-integrable in the sense of
Poincaré. In the large limit L*> — % we obtain LPS. The number of particles N may be
finite or infinite. We shall be especially interested in the ‘thermodynamic limit’,

N—-®, and L*—> o with ¢= N/L®= finite. ()

The statistical description in classical dynamics is expressed by the Liouville equation for
the distribution function [17-19],

iZp(1) = Lup(s). (3)
ot

Here Lyp=Ii{H, p} is the Poisson bracket of p with the Hamiltonian H.

In this paper we show that we can extend the Liouville operator (or Liouvillian in short)
for LPS to a class of functions outside the Hilbert space. This class of functions has a very
simple physical meaning as it includes equilibrium distributions which are functions of the
Hamiltonian. These functions are characterized by well-defined singularities in their
Fourier transforms. It will be useful to distinguish between ensembles localized in space
and non-local ensembles. A special case of localized ensembles are single trajectories,*

N N
1 ik{q.—q"
p(g. p. 0) = T[S et o, — pj) ~ [[8a, = a)op; —p))  for L -
=1k i=1
4)

Associated to a finite number of particles, localized distributions p describe transient
interactions (free in and out states) as studied in quantum S-matrix theory. In contrast
non-local ensembles describe persistent interactions as studied in statistical mechanics.
They are, as just mentioned, characterized by singularities in their Fourier transforms (see
Section 3).

Our extended spectral representation for L, is presented in Sections 4 and 5. It has
quite remarkable features as it exhibits ‘non-Newtonian’ features. There appear indeed
diffusive effects associated to collision operators of the Fokker—Planck type, familiar from
phenomenological theories. The appearance of these contributions is due to the coupling of
dynamical ‘events’ through Poincaré resonances. The eigenvalues of L, in this extended
functional space are complex.

The non-Newtonian effects lead to the construction of non-unitary transformation
operators A which intertwine L, and the collision operators, which are dissipative
operators. This generalizes the unitary transformation which leads for integrable systems
from Ly to L, the Liouvillian corresponding to H, (Section 6). The complex spectral
representation also leads to subdynamics which corresponds to an extension of the kinetic
theory to all correlation spaces [14, 20-31]. In the previous work subdynamics has been
constructed by using an ansatz for the analytic continuation (the so-called i€ rule) (see for
example [31]). We now may derive subdynamics from the complex spectral representation.
Using our non-unitary transformation theory we can transform the Liouville equation for p
into an infinite set of ‘kinetic equations’ (see Section 6). We also obtain a new formulation
of the Heisenberg type of equation for the evolution of observables which makes explicit

*In the box normalization formalism which we shall consider in this paper, the delta function in space is
replaced by a periodic delta function with period L, the size of the box. This replacement does not introduce any
‘width’ for the delta function, so that this ensemble corresponds still to a single point of phase space.



444 T. PETROSKY and I. PRIGOGINE

the role of dissipative processes. As the result of the breaking of time-symmetry we can
easily construct Lyapounov functions which are dynamical analogies of the ‘¥-functions’
derived usually through phenomenological assumptions (Sections 7 and 8). Our non-unitary
transformation theory allows us to reformulate the second law of thermodynamics as a
'selection principle’ for the class of initial conditions which are realized in nature.

The intertwining relations between L, and the collision operator © lead to a non-linear
extension of the Lippmann-Schwinger type equations, well known from quantum scattering
theory (see Section 9). When dissipative effects can be neglected, the non-linear terms
vanish and we come back to the classical version of the Lippmann-Schwinger equation.

However, our equations differ from the Lippmann-Schwinger equation by our analytic
continuation. There appears a degeneracy for LPS. The existence of Poincaré resonances’
even in the non-dissipative limit lead to a new spectral decomposition of the Liouvillian in
addition to the usual spectral representations in terms of advanced or retarded solutions. It
is this alternative spectral representation which we have extended in Sections 4 and 5 to
include dissipation.

In Sections 10-13 we discuss the conditions under which the non-Newtonian effects
which appear in our spectral representation of L, can be observed. This depends
essentially on the type of distribution functions (associated to regular or singular Fourier
transforms) and on the number of particles (N finite, or N — « as in the thermodynamic
limit).

For N finite and localized, regular distribution functions, all dissipative effects disappear.
These systems while presenting Poincaré resonances are integrable. The situation changes
dramatically when we consider persistent interactions associated to distribution functions
which are singular in their Fourier transforms (Sections 11 and 12). Of special importance
is the thermodynamic limit. When we apply our spectral representation to this class of
distribution functions we recover all results derived in non-equilibrium statistical mechanics
[17] (such as Fokker-Planck equations, Boltzmann equations, generalized master equations
etc.). This shows that dissipative processes are part of the exact dynamical description
when we consider LPS and extend the functional space to include functions which are
singular in their Fourier representation.

It is very interesting that the functional form of these distribution functions (see (45)) is
invariant in respect to time. This form even acts as an attractor (see (143)). This brings us
to the question: are trajectories also preserved? As mentioned, for N finite all dissipative
effects disappear. A trajectory remains a trajectory for all times. But what happens in the
thermodynamic limit?

This question may sound surprising. Trajectories have always been considered as
‘primitive’, undecomposable objects. Still the delta function &(g — q¢) when written as a
Fourier integral can be considered as the coherent superposition of plane waves cor-
responding to wave vectors k.

Now in the statistical description the natural variables are precisely the wave vectors (see
Section 2). The trajectory becomes a construct. Resonances correspond to non-local
processes in space-time. They are responsible for the appearance of diffusive processes.
Such processes may destroy the coherence of the wave packet in Fourier space and
therefore also the trajectory. We then have a ‘collapse’ of trajectories to borrow the
terminology from quantum mechanics (see Section 13).

*Here, we have in mind the Poincaré resonances expressed by the frequency (or ‘energy’) conservation between
the initial and final states such as &(w; — wy) in the usual S-matrix theory. The Poincaré resonances appear already
for repulsive interactions. These resonances are not related to ‘resonance poles’ associated to the so-called
resonance scattering.
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We first ask: under which conditions does (4) in the limits L — o and N — = lead to a
well defined ‘thermodynamic limit’? A necessary condition is that all reduced quantities
tend to a finite limit independent of N. This implies strict conditions for LPS as Poincaré
resonances lead to long-range correlations between the particles (see Sections 8, 13, and
Appendix J).

The results described here can easily be extended to quantum theory. There is also the
equivalence between the individual description (in terms of wave functions) and the
statistical description (in terms of density matrices) is broken. This will be reported in a
separate paper (see [32]).

Our predictions have been verified analytically and by computer simulations in simple
situations such as the Lorentz model (see Appendices F, G and Refs [1, 2, 16]).

2. THE LIOUVILLIAN FORMALISM

The evolution of the system is governed by the Liouville equation (3) for the distribution
function p(q, p,t) in phase space. We assume that the distribution function vanishes
quickly enough for large values of momentum,

Jim_p(q. p) — 0. (5)

However, we shall not generally impose a similar condition for the coordinate dependence,
because we are interested not only in single frajectories, but also in non-local ensembles in
phase space as considered in typical situations in statistical mechanics.

The formal solution of the Liouville equation is

p(1) = U(t)p(0), (6)
with
WU(t) = e L, (7)

Y (r) is the evolution operator.

For integrable systems, the Liouville equation does not introduce any new features. If we
can integrate Hamilton’s equations of motion, we can solve the Liouville equation and vice
versa. Usually, one equips the phase space with a Hilbert space structure. In this space the
scalar product of the phase functions f and g are defined by (with f dg = j dq, ... |dqy
and so on)

(flg) = [da[ ap(fla. PN Ka. ple) = [da[dpf(a. p)sta. p). ®)
and their Hilbert norms by

Ifll = VKA 9)

We have introduced Dirac’s ‘bra’ and ‘ket’ notations, i.e. {{f| and |g)), analogous to
quantum mechanics. This permits us to use various representations. The Liouvillian Ly is
a hermitian operator and AU(r) unitary. That means as long as we remain in Hilbert space
the eigenvalues [ of L, are real, and the eigenvalues exp (—ilt) of U(¢) are of modulo one.
In short, the distribution function oscillates in time and there is no place for irreversible
processes. To obtain irreversible processes associated to complex eigenvalues of L, we
need to go out of the Hilbert space (this is a necessary condition).
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In the statistical description a single trajectory |p(0))) =|q°, p°)) is represented by
Dirac’s delta function,

p(g, p,0) = (q, plp(0))) = 8(q - 4”)d(p — p°), (10)

where 8(p) = [1718(p,) with &(p) = &(p,)8(p,)8(p.).
To each observable M(q, p) we can associate a bra-state*

(Ml = qufdpM(q, p){4. pl. (11)
When acting on a trajectory |q, p)), this leads back to a phase function as
M(q, p) = (Mlq, p). (12)
The evolution of the observables is given by
(M0 = M), (13)
They satisfy the classical ‘Heisenberg equations’ of motion,
2| #(0) = ~LalB1(0)). (14

The Hamiltonian equations of motion correspond to a special case of the Heisenberg
equations for the set of observables (§;, ;) associated to trajectories. Similarly, the
Liouville equation (3) corresponds to the classical ‘Schrédinger’ picture of the equation of
motion.

The expectation value of M is given by

(M), = (M©O)p(1)) = {M(D)|p(0)). (15)

Let us consider a system described by the Hamiltonian (1). For simplicity, we assume
short-range repulsive interactions. Corresponding to the decomposition of the Hamiltonian
(1), we have also (with Ly = Ly, )

Ly = Lo+ ALy. (16)
The unperturbed Liouvillian is the derivative operator L, = —iv-3/3q, where v; =p,;/m, is
the velocity of the particle j. Then the eigenstate of L is given by
Lolk, p)) = (k-v)lk, p)). (17)
Here, k-v=k,-v;+...+Kky vy, and
Ca, p'lk, p)) = L7N2e*98(p" = p), (18)

where k; is a real vector. For periodic boundary conditions and using the box normaliza-
tion we have (with integer vectors n;, and with Ak =27/L where L’ corresponds to the
volume of the box)

J
k; = n,Ak. (19)

In the limit of large volumes Q = (L/27)> — ,
Q'S - f dk, (k) = Q6 (k) — (K). (20)
k

where 8 (k) = & is Kronecker’s delta.

*Following the tradition for non-equilibrium statistical mechanics [19], we use the convention that the
distribution functions are associated to ket-states, while the observables are associated to bra-states. See also the
comment below [50].
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Note that the eigenfunctions (18) of the unperturbed Liouvillian L, are plane waves

corresponding to ‘wave vectors’ k as the Fourier indices. They satisfy the orthogonality and
completeness relations,

(k. plk'. p') = 8"(k = K)8(p = p). S[dplk. p) k. pl=1. ()
k

As a result, the solution p(q, p,t) for the unperturbed system can also be written as a
superposition of plane waves,

p(a, p 1) = LBN/zge""“"‘“’N(k» plp(0)). (22)
For a trajectory we have (see (4))
1 —ik-q®
(k. plp(0))) = We *8(p - p). (23)
This leads with (22) to
p(q, p, 1) = &g — q" — v1)d(p — p°). (24)

Hence, the delta function remains a delta function. The delta function corresponds to a
coherent superposition of plane waves. As we shall see in the thermodynamic limit,
Poincaré resonances may destroy this coherent superposition and therefore also the
trajectory (see Section 11).

In the Fourier representation, the evolution generated by the unperturbed Liouvillian is
diagonal, while the part corresponding to the perturbation ALy is off-diagonal and leads to
transitions from one set of wave vectors to another. Let us consider the matrix elements
(Ly)i pk,p defined as

' ’ 1 r o ik’ ' ’ kg’
(Leping = (K I Lvlk, p) = [ da[dg'e™ % p'ILvlg’s ph et . 29

In this example, the only non-vanishing matrix elements are [17]
(K}, ky, (K372, plLy |k, K, {k}¥2, p))

1 ¥r ! r 1 ’
= —526k (k; — k; + 18" (k, — k, = )V, [1-d,,6(p — p")],
1

1 r I r ! ! !

= 526" (k;, — kj + DO (k, — k;, — DV,[1-d},d(p" — p)],
1

(26)

where

djn = a/ap] - a/apn’ (27)

and {k}"~% is a set of wave vectors excluding the particles j and n. The function V, is the
Fourier coefficients of the potential

V(lq) = é—;vz el (28)
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We assume V, =0, i.e.,}

j dqV(lq() = 0. (29)

All indices k in (26) keep their values, except the two indices k;, k,; moreover, we have
the conservation law of wave vectors,

kK, + ki =k, +k;. (30)

All these results are direct consequences of the assumption of binary interactions and of
invariance in respect to translation.

3. SINGULAR FOURIER EXPANSION AND PROJECTION OPERATORS

The statistical description of dynamics in terms of the Liouville equation deals with a
wide class of ensembles; this includes ensembles localized in space, as well as non-local
ensembles. Let us first consider local ensembles. We consider the Fourier expansion of the
distribution function

1 ko=
p(g, p, t) = ZE e* 1p,(p, 1), (31)
X

where (see the volume factor in (18))

Pu(p, 1) = L™k, plp(1))). (32)

For local ensembles, the coefficients p,(p) do not depend of the volume in the limit
Q—>o. As we shall see later, this is not the case for non-local ensembles where
p(g. p) #0 in the limit |q;/ — . In order to emphasize this fact and to distinguish (31)
from the Fourier coefficients p,(p) for non-local ensembles, we put the bar on the
coefficients p,. The distribution function (31) is normalizable as

[ da[dpo(a. p) = [dppu(p) = 1. (33)

A single trajectory belongs to this class (see (4)). The characteristic feature of this class of
ensembles is that all Fourier components of the distribution function have the same volume
dependence L~V regardless of the number of non-vanishing elements k; in the wave
vector k = (kq, ..., ky).

The Hilbert space norm of this class of distributions is given by (for L -» )

1
(277)3N

Hence, there exists a Hilbert norm for square integrable functions and for N finite.*

On the other hand, statistical mechanics (equilibrium and non-equilibrium) deals mainly
with non-local distributions, such as canonical distribution function. As in equilibrium
problems it is useful to introduce reduced distribution functions f; referring to s paticles.
From the normalized distribution function p we may deduce the probability p(q; - - - q,.
p: - - ' p,) of finding, at a given time r, a set of s specific particles 1, 2, ..., s with

(l

=L 5 (p)2 —
Celed = —3 ;fdplpk(p)l

[ k[ dplou(p). (34)

SIf this is not the case, we redefine the unperturbed Hamiltonian by incorporating the element V, into Hy.
*Trajectories are a special case of this class of distributions. They satisfy (33) but have no Hilbert space norm.
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momenta py, . . ., p, and coordinates q, . . ., q;

Ps(qr - Qs Pr Ps) = quN“ dp"~p(q. p, 1). (35)

Distribution functions that refer to specified particles are called specific distribution
functions [17]. We shall in general be more interested in the probability of finding s
arbitrary particles at positions qi, . .., 4, P1, - - ., Ps. This probability, which we shall call
f, is found by multiplying p, by the factor N!/(N — s)! This is the number of possible ways
in which a sequence of s particles can be chosen out of N. Therefore

N!

fi(qi - q Py py) = T—Tps(ql Qg P1* D)

v N-—- sd N-— :p ) 36
(N_s),fq P p(g, p (36)
We shall also use distribution function ¢, in momentum space and n; in coordinate space
defined by

(N - S)' s
%(P e ps) s dp fs’
! N! J (37)

ndq,---q) = f dp’f;.

The reduced distribution functions f;, ¢, and n, are called generic distribution functions to
distinguish them from the specific distribution functions. In the following discussion we
shall use the specific distribution functions whenever it is necessary to specify coordinate
and the momentum of each particle, such as the case for a single trajectory, otherwise we
shall mainly use the generic distribution functions.

In general statistical mechanics deals with situations where there are no asymptotic free
in and out states. The interactions are persistent. As mentioned, this requires the use of
non-local distributions. For this case distribution functions have ‘delta function singularities’
in their Fourier representation [17]. For example, let us consider the reduced number
density in space given by n;(q) = ¢ + h(q), where ¢ is a constant and & is an absolutely
integrable function. In the Fourier representation we have (see (20))

(@) = —S(coa(k) + ) e s, (38)
Q7%

In the limit of large volume, the uniform part has a delta function singularity at k = 0.
We note that the Hamiltonian (1) is also a non-local phase function, which has again a
delta function singularity in its Fourier representation

H(q, p) = —22 69(1() + /12 Vie ke (39)

j(>9

Let us now show that this leads to delta function singularities for equilibrium distributions
which are functions of the Hamiltonian,

f(Hy + AV)
[dgdpf(H, + AV)

p“(q, p) = (40)

We assume the normalization

fdpf(Ho) =1 (41)
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Then, using (29) we have the power series expansion in the coupling constant A for the
Hamiltonian (1),

N 2 N N N 5
P = “i‘[l + LAEViJ‘—a‘ + 5(12%% L 2 ViVim + L > VzJan) °
L3N 205 TaH,  2\21%; 3 im 41 i jmn dH;
2 S f(H
- I faavfap(ZLED) e, @)
203V 9H?

where we have written explicitly the particle indices, such as i and j. Different particle
indices i, j denote different particles. Let us consider the canonical distribution function
(for systems with the same mass m; = m of particles)

/)) 3INR2 .
f(H) — (i__) e“ﬁ(H(ﬁM’)‘ (43)

mm
We then obtain (with (39))

(g, p) = — (——ﬂ )3N/Ze‘ﬂ”°[(1 + A
’ L% \2rm

+ -—1—EZ eik'(qf"Ij)(—l/J)VW + AzﬁziZVlkr‘V,k,_k] + A ) (44)
20 <4 Q5

+ 1 EZzei(k+k’)-q,-~k-Q/“k"qn(A’ZﬁZV‘k‘V[k’! 8L+ ]
31Q2 ak K

Here, the first term in the bracket does not depend on the coordinates, so that this term is
associated to a Fourier coefficient which has only vanishing wave vectors. The second term
corresponds to contributions which have non-vanishing wave vectors k; =k and k; = —k
for only two particles, i and j, and so on. As the Hamiltonian is translational invariant, the
equilibrium distribution is ‘homogeneous’ in space (it is invariant when q; = q; + a for all
J, then the total wave vector vanishes k; + k; + ... =10).

The remarkable feature of the equilibrium distribution is that p* can be decomposed
into the ‘vacuum of correlations’ (i.e. the first term in the bracket of (44)), binary
correlations (the second term), ternary correlations (the third term) etc. Moreover, we see
the appearence of delta function singularities as in (38). The existence of this expansion
ensures the existence of reduced variables (i.e. ‘intensive variables’) depending on a finite
number of particles, as well as of the ‘cluster expansion’ of the distribution function p in
terms of correlation functions which have a finite range of correlations in the thermo-
dynamics limit {17, 18].

In our previous work in non-equilibrium statistical mechanics we used the class of
ensembles which corespond to the natural generalization of the canonical distribution:
(17, 18]

1 ik - r 1 N — r
pla. p) = X et PO () + S (o pl Y )8, +1,005 (k)
k >
1 & k
t = > ik, (Pis Pjs pn|de3)6k,-+k,+k,1.0‘5i]'rr1(k) + ... (45)

n>jp>i

N N
1 , _ r 1 , . r
+ Ezpk,-(Pj[PN 1)511'( (k) + “—;zpk,,k,(lln P/|pN 2)55 (k) +...]
i

j>i
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Here, 6" (k) is a product of N Kronecker s delta, 6 "(k) a product of N — 1 Kronecker’s
delta which excludes the particle j, and (5,] (k) a product of N — 2 Kronecker’s delta which
excludes the particles i and j, and so on. We have decomposed the Fourier components
according to the number of non-vanishing elements k; in the wave vector k. In the
expression pk,-,kl....(pi’pj’ ...|pN7"), the momentum arguments on the left side of bar
denote the particle i with a non-vanishing wave vector k;, the particle j with k;, ... while
the arguments on the right side of the bar denote the remaining particles which have zero
wave vectors and are therefore uniformly distributed. We assume that p,, x;,... and Pk, X,
does not depend on the volume €2, and that their dependence on the wave vectors is
smooth.

In order to emphasize the difference in the volume dependence from the one for local
ensembles such as (31), we have introduced the new notations py k.. and py y  instead of
Pr.x,. for the Fourier coefficients in (45). Here, the coefficients P,k ,.. are associated
to the homogenous components of the distribution function in space (1 e., the compo-
nent with the total wave vector vanishes k; + k; + ... =0), while the coefﬁcrents Ok, o
are associated to the ‘inhomogeneous’ components (wrth k; +k; +...#0). This form of
expansion leads to an extension of the cluster expansion in terms of the correlation
functions in non-equilibrium statistical mechanics: i.e., the coefficients py(p), ok (P),
Pr,k, k, (p), --- are just the Fourier components of the momentum distribution func-
tions (whrch correspond to the ‘vacuum of correlation’), of the binary correlations, of the
ternary correlations, and so on [17, 18]. As we have seen, interactions leads to transitions
from one set of wave vectors to another. This corresponds to a ‘dynamics of correlations’

17].
[ /1 characteristic feature of the distributions (45) is that all reduced quantities are well
defined. For example, the expectation value of q, — q, is given by (in the thermodynamic
limit)

quf dp(q; — q)p(q. p) = —i[%f dpp —k(p1> P2l p™7?) (46)

Assuming a finite range of correlation, this quantity is finite.

An important aspect of this class of distribution functions is its stability during the time
evolution. Indeed, dynamics of correlation leaves the form (45) invariant. For example, let
us assume that the system is initially in the vacuum of correlation. Because of the volume
dependence in (18), we first note the relation between the Fourier coefficients p,(p) and
the (k, p)-components ({k, p|p)) of the distribution function,

(0, plo)) = 3N/2po(lp),
k 1 (47)
ki, = Ky, {0372, plp) 6 (k) = 3N/2 §Pk,,~k,(Pi’ p;lp"7),
Also
«kja kn’ {O}N—Z’ p|/1LV|p>> = fdpl<<kj’ kns {O}Ndza pMLVIOa P'» <<0’ P')P» (48)
= “2317\% é‘lvlk]\kj'djnpO('p)akl+k,,.O'

This gives the same volume dependence as in the second expression in (47). One can
extend this result to all orders of 1 and to all Fourier components (see [17, 18] for more
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detail). This is quite remarkable. Indeed, as we shall see later, this is the only class of
distribution functions which is stable in this sense in the thermodynamic limit (see Sections
6 and 11, as well as Appendix F).

We note the distribution function p (45) satisfies (33). In contrast, the Hilbert space
norm of (45) vanishes as in the thermodynamic limit

(plp) = —(f dploy(|p)* + é;;}k‘,fdplpé(p,»fp‘v‘l)lz + .. ) 0. (49)

Hence, distribution functions of this class do not belong to the Hilbert space.
Also observables M which depend on a reduced number r{<N) of coordinates have a
delta function singularity in their Fourier expansion as (for s < N)

1w &
M(ql’ e Qs Py - pS) = g—z—[;zek qu(pl’ ey ps)(SQ(k,+1) st 69(](7\/) (50)
k

Hence, these observables also do not belong to the Hilbert space.

To investigate the time evolution of this class of phase functions it is convenient to
introduce projection operator P which extracts single eigenmodes of the unperturbed
Liouvillian in the Fourier expansion of the phase functions,

PO = [dplk, p) (k. plé¥ (k). P =

. (51)
P = [dplk. pY (k. plof' (k). P = [aplk, p) (k. plof (k).

The index a in P” denotes the particles associated to non-vanishing wave vectors, while
the index v denotes the value of their wave vectors. The projection operators in the first
line in (51) extract the homogenous components in the Fourier expansion of the phase
functions, while the projection operators in the second line in (51) extract the inhomo-
geneous components of the phase functions.

Note that the momentum f; as defined in (11) lies in the vacuum of correlation subspace
PO,

()| = [da[dp[dp'Spika. plk. PV (K, p'l = L[ dpp, 0. plPO. (52)
k
The projection operators P! commute with the unperturbed Liouvillian,

LyPY = (k-0)P) = PL,. (53)

Moreover
POPY = PYS, 0,5, SYPY =1 (54)

To shorten the notation we have not written the delta functions for the momenta (c.f.
(21)). We also introduce the projection operators oYV,

oY =1- P, (55)
which are orthogonal to P{’, i.e.
PYQL" = QP = (56)
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We note that

PYL, PV =0. (57)
In the following discussion we shall often use the notation,

PY = |v) (v, (58)

as well as [, for the eigenvalue of L,. Then, the spectral decomposition of the L, is
Ly = Yv) L. (59)

We now come to the main problem: the study of the spectral representation of L in the
extended function space.

4. COMPLEX SPECTRAL REPRESENTATION OF THE LIOUVILLIAN—-THE RIGHT
EIGENSTATES

For non-integrable systems, the spectral decomposition of the Liouvillian corresponding
to Hamiltonian (1) in Hilbert space is generally not known. In contrast we shall give the
solution of the eigenvalue problem for the Liouvillian for the class of functions with
singularities in their Fourier transforms. As these functions have no Hilbert space norm
(49), we have to extend the eigenvalue problem outside the Hilbert space. This has already
been done in the case of deterministic chaos [9-14]. Our extension introduced here is quite
natural, as the class of functions we consider includes the equilibrium distribution. As we
shall see, in this extended function space, the Liouvillian has ‘complex’ eigenvalues. That
means that time-symmetry is broken. We may therefore expect that this complex spectral
representation allows us to describe irreversible processes such as the approach to
equilibrium. Our spectral representation makes explicit the role of Poincaré resonances
which lead to collision operators of the Fokker—Planck type. As a special case with no
singular Fourier components, we recover the spectral representation in the Hilbert space.

We consider the eigenvalue problem [1]

Ly|FYW) = ZO|FY@)), (60)
with the boundary condition
[FOM)) — POIFY©0))  for A 0. (61)

The indices @ (together with v) are the parameters characterizing the eigenfunctions.

As we shall show, the eivenvalues Z9’ are generally complex numbers. The time
evolution of LPS splits into two semi-groups. For the semi-group corresponding to ¢ >0,
the eigenstates are associated to the eigenvalues with Im Z < (including the case
Im Z” <0) and equilibrium is reached in our future for ¢ — +% (see Appendix A),
while for the other eigenvalues are the complex conjugate of Z'” and equilibrium is
reached in our past. Experience shows that all irreversible processes have the same time
orientation. To be self-consistent we have to choose the semi-group oriented towards our
future.

For complex eigenvalues, the left eigenstates of L are not the hermitian conjugate of
the right eigenstates. Let us denote the left eigenstates corresponding to the same
eigenvalue Z{) by (FY|, i.e.

(FVILy = (FO1ZY, (62)
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again with the boundary condition

(FPM| - (FOO)PY  for  A—0. (63)
We assume the bi-orthogonality and bi-completeness relations
(FJIFEY = 64005 DXIFOWCFY = 1. (64)

We assume also that the eigenstates of the Liouvillian are not degenerate for the different
indices of v and «. The bi-orthogonality relation is the direct consequence of the
assumption of the non-degeneracy. This assumption, as well as bi-completeness of the
eigenstates, should be verified for each specific Hamiltonian.*

Moreover we assume that the Liouvillian is diagonalizable

Ly =SIFONYZY(FY). (65)

In this paper we shall not consider more general situations which would lead to Jordan
blocks (see [14, 28]).

Let us first consider the eigenvalue problem (60) for the right eigenstates. As mentioned,
we consider eigenfunctions which have the structure (45). We limit ourselves to homo-
geneous situations where the eigenfunctions are translationally invariant. We shall there-
fore study the eigenvalue problem for functions characterized by the singular Fourier
expansions:

N
Vv 1 ik r ]. v 7
(a. pIFY = 3™ Fp. )8 (k) + - SFUk (P @)8i0n,085 (K)
k

j>i

o (66)
+ vy 2 Ff(f,)k,-,k,,(l’, a’)‘sk,.+kj+k",05§;(k) +... 5
n>j>i

We assume that the Fourier coefficients F E‘T)k; do not depend on the volume in the limit

of the large volumes Q — x. F & correspond to the vacuum of correlation, F f(”_k to binary
correlations, . . . as p in (45).

Note that the eigenstates |F\’)) for A# 0 contains components in the range of all
projection operators P, We call PM|F\")) the ‘privileged’ component of |F{?)).

We formulate the eigenvalue problem for an arbitrary number N of particles, including
N — o, For this case, special care is necessary, as the perturbed Liouvillian Ly in (26)
contains N? terms involving all pairs of particles j and n. We therefore take the inner
product of the eigenvalue equation (60) with observables (50) which depend on an arbitrary
but finite number of particles:

(MILy|FO) = ZO(MIFD). (67)
This operation reduces the number of pairs and leads to a finite contribution in the
thermodynamic limit (2). In our discussion of the eigenvalue problem, we shall always
understand our formulae as in (67). We shall come back this problem later in Sections 8
and 10 (see also [17]).

Applying the projection operators P and Q in (55) to (60), we derive the set of
equations:

PUL(POIF) + QUIFY)) = ZVPUIFY), (68a)

QUL (POIFY) + QUIFYN) = ZOQWIFD). (68b)

*The proof of the bi-orthogonality and bi-completeness for the complex spectral representation for the quantum
Friedrichs model as well as potential scattering can be found in {1, 5, 7].
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Equation (68b) leads to

(Z9 = QULLOMQWIFY) = QUAL, POIFDY. (69)
Hence we obtain for Q™| F{)(z)))
OUFY(2)) = €(z)PYIFY(2)), (70)
where
€0(z) = —1 QWAL, PV, (71)

OVL,0W — 7
If this geometrical series converges, we have
-1

0o — <

€(z) = (_L___l_Q(V),lLVQ(V)) QMAL, PV, (72)

n=0 0 — £

This expansion for € corresponds to a sequence of ‘irreducible transitions’, as the
intermediate states are orthogonal to the initial state in the space P [17]. The operator
€™ is called the ‘creation-of-correlation’ operator, or ‘creation operator’ in short. The
creation operator describes off-diagonal transitions from P to orthogonal states in Q(”
subspace:

€M (z) = QMEW(7)PW. (73)

The substitution of z by Z'” leads to a solution of (69). However, we have to be careful
with the analytic continuation of (z — Ly)~! in (72) to avoid divergences associated to the
Poincaré resonances [8]. This is achieved using the so-called ‘ie-rule’ for the analytic
continuation [14, 26, 31]. For two-body scattering (or potential scattering) considered in
our previous article [1] we have proved that the ie-rule follows the bi-orthogonality
condition of the eigenstates of the Liouvillian. Let us recall the ie-rule for the two-body
scattering [1] (see also [31]). In order to specify the analytic continuation in accordance
with the ie-rule, we define the index d, of the ‘degree of correlation’ of the unperturbed
state |v)) as the integer which is the minimum number of interactions AL, required to raise
the state |v)) from the state |0, p)), the ‘vacuum of correlation’. The degree of the
correlation for [0, p)) is dy=0. The second term of the Fourier component in (66)
corresponds to d, = 1, and the third term to d, = 2, and so on.

For the two-body scattering the maximum order of correlation is d,=1. Then the
orthogonality condition for the eigenstates of L uniquely determine the analytic continu-
ation of the propagators for ¢ > 0 as [1]

i ALY

0o |~ 1, + i€,

(74)

Here, €,, is defined by

. —ie, ford,=d,, (75)
i€, =
! +ie, ford, <d,

and € is a positive infinitesimal € — O+. This limit should be taken after the limit to the
continuous spectrum Q — o« (see Appendix B). Hereafter, we shall always understand the
limit in this sense.

We can generalize this result for the complex eigenvalues Z ) with finite imaginary parts
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(instead of —ie€) in terms of geometrical series. Corresponding to (74) we introduce the
notation,

pw___ 1 _ P(#)__j_l_+_, for d, = d,, (76a)
(L= ZDe, [7, — 212
p(u)_;l__ = p(u).____l_, ford, < d,. (76b)
(l,, _ ZE),V))C‘", lu _ fov)
Here,
R [w — z];() =0+ 20 JR (w—-w — I.E)'H(1
and
fdw fw) _ lim 3 [dw (=iy) Fow), (78)
Z(V) €0+ (W —w + le)n+1

where Z = w’ — iy with w’ and y =0 real, and the integrations are performed with a
suitable test functions f(w) on the real axis R. We can perform the summation of the
geometrical series (77) by introducing the ‘complex distribution’ defined by [4]

J’dw JW)  — gim [ aw SOV = fdw f(w) (79)

w — z]z0 Szl w2 w—z

Here, z | Z'” means that we first evaluate the integration in the upper-half plane of z
(i.e. Imz > O) then take the limit z — Z$ in the lower-half plane. We can perform the
integration by changing the contour as shown in Fig. 1.

The relation of (79) to the complex ‘6-function’ is presented in Appendix C. Moreover,
in Appendix D we present the proof that the analytic continuations (76) (and (102) for the
left eigenstates in the next section) lead indeed to a bi-orthonormal set of the eigenstates of
Ly for N-body systems. We shall present the proof of the uniqueness of the analytic
continuation elsewhere.

There is another branch of the analytic continuation in (72), which corresponds to the
complex conjugate of (76). But we shall not consider this branch, as this leads to the
eigenstates belonging to other semi-groups oriented towards our past.

Then, with (76) we have the solution of (69)

QUIFYY) = 4(ZD)PYIFD), (80)

Imw

Rew

Fig. 1. Contour T for the complex distribution in (79).
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where
-1

(lu - ZEYV))C,,V
Here we have introduced the ‘T -matrix’ which is defined as the solution of the equation

p(u)(@(V)(ZgV)) P = p g(CV)(ZEXv)) )28 (81)

-1

T(2) = AQVLy + FTAQY Ly PW T(). (82)
P (ly = 2)c,,
Substituting (80) into (68), we obtain the non-linear equation [28]
YAZDNud) = ZNu), (83)
where

ug) = POIFY). (84)

Equation (84) implies
Lolul) = LJug"). (85)

Here, yV is the generalization of the ‘collision operator’ familiar from non-equilibrium
statistical mechanics [17]. This operator is associated to diagonal transitions between two
states corresponding to the same projection operator P, The collision operator is defined
through

YNZY) = LoPY + APV L, $M(Z ) PW. (86)

Assuming completeness in the space P, we may always construct a set of states
{(&'?]} bi-orthogonal to {|ul’)}, i.e.

(aQNuP ) = 8,,0,5  DluPW(EY| = P, (87)

We have
(aYIL, = (a1, (88)

We note that the states (| are generally not the left eigenstates of y™(Z”) [27].
Let us then introduce the ‘global’ collision operator by

00 = SYNZDNudN (] = TudH 20 (u), (89)
as well as the ‘global’ creation operator,

C = TENZD)ul) (7, 40)

o

We shall call also 8 the collision operator and C® the creation operator for simplicity, as
far as no confusion is possible. Then we have [21]

02 = LyP™ + APV L,CYPY, (91)
and
0wy = ZVLy, (a8 = (a1 z. (92)

Therefore, (1)) and {#!’| are right and left eigenstates of the global collision operator,
respectively.
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With the creation operator we have also
QUIFY) = QUCVPYIFY). (93)

Formula (84) shows that the privileged components PM|F()) are eigenstates of the
collision operator, which has the same eigenvalues Z'” as the Liouvillian. The solution of
the eigenvalue problem of the Liouvillian for our class of singular functions (66) has unique
features. The privileged components satisfy closed equations and the Q" components are
‘driven’ by the privileged components (see (93)). In the previous work on subdynamic
theory (for non-equilibrium statistical mechanics as well as for deterministic chaos) this
property has been presented as an ‘ansatz’ [14, 31]. Here we derive this property through
the complex spectrual representation of Ly for the singular class of eigenstates (66).

The collision operators are dissipative operators, and they are the central objects of
non-equilibrium statistical mechanics [17, 18]. Of special interest is 8 corresponding to
the vacuum of correlations, as it leads to well-known kinetic equations for the momentum
distribution function in the thermodynamic limit; e.g. for weakly coupling limit 8> reduces
to the Fokker—Planck operator,

00 ~ 220Y = AZP(O)LVQ(O)—————E 1 . Q9L, PO, (94)
1€ — Ly

which gives

RS ,
220, ple(0, p') = AgEZEWka'dmné(k-g]-,,)k'dj,,é(p - p)  (95)

ji>n k
where
g]'n = V] - Vn. (96)

Also in the low concentration limit, 8% reduces to the Boltzmann collision operator [17].

The Fokker-Planck operator (94) is an anti-hermitian operator and has non-vanishing
negative imaginary eigenvalues (i.e. Im Z © < 0) associated to diffusive processes in
momentum space (see the example given in the Appendix F; see also [17, 18]). This
illustrates the consistency of our construction of the eigenstates of the Liouvillian with
Im Z{? < 0. Moreover, the contribution of the Fokker—Planck operator comes from the
integration over wave vectors satisfying Poincaré’s resonances condition k- g;, = 0. This
means that the dissipation has a dynamical origin associated with ‘non-integrability’ of LPS
due to Poincaré’s resonances. The Fokker—Planck operator leads to ‘Brownian motion’.
Instead of separate dynamical events described by each interactions AL, , we have events
‘coupled’ by the resonance condition &(k - g;,). The diffusion process is ‘irreducible’ to
trajectory dynamics. We have ‘non-Newtonian’ processes due to the Poincaré resonances.

In the correlation subspace P the collision operators 6% leads to a natural generaliza-
tion of kinetic theory. In general the denominators in the operators involves both directions
of the analytic continuation (76). Nevertheless, the analytic continuations of the diagonal
operators, such as 6%, are uniquely determined in the thermodynamic limit by the
complex distributions (76a). This is the result of the so-called Henin’s theorem [22}; i.e. for
the diagonal transition between the states in P, the intermediates states should cor-
respond to a higher degree of correlation than P™. Indeed, the diagonal transition restricts
the wave vector transfer and leads to extra volume factors Q* through the interaction (see
(26)). The diagonal transitions give non-vanishing contributions only when the intermediate
states involve more particles than the states in P, as the summation over the particles
leads to extra factor N which then compensates the factor Q~'. We then obtain for
example to the lowest order contribution of 8% (i.e. to A? order).
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60 = LyPY + 265 = LoPY + RPOL,QY— QUL po. (97)
{, +ie — L,
Combining (93) with (84), we obtain the right eigenstates (60) of the Liouvillian,
[F) = NOVHPO + @(ZI)ul) = NOV(PY + C)ul), (98)

where N f:) is a normalization constant which we shall specify later (see (115)).

Let us note that (83) is a ‘non-linear eigenvalue ?roblem’, as the collision operator ™
itself depends on Z ¢ Unknown eigenvalues Z o appear in the propagator inside the
collision operator. This corresponds to the Brillouin—-Wigner formulation of the eigenvalue
problem of the Hamiltonian H for integrable systems when the eigenvalues are real. We
can extend this formulation to the eigenvalue problem of L, for non-integrable classical
systems [4]. The Brillouin—Wigner theory gives a systematic approximation scheme for the
solution of the eigenvalue problem. We present this method in Appendix E. In Section 9,
we shall also construct a non-linear equation [14] for C”, through which we can determine
the explicit form of the creation operator by a perturbation series in powers of 4 (see
(171)).

Replacing P by the projection operators corresponding to the inhomogeneous compo-
nents, the construction of eigenstates associated to the inhomogeneous situation is
straightforward, and we do not repeat the calculations. We now turn to the left eigenstates
of L.

5. COMPLEX SPECTRAL REPRESENTATION OF THE LIOUVILLIAN—THE LEFT
EIGENSTATES

Let us now consider the eigenvalue problem (62) for the left eigenstates. As for the right
eigenstates, we obtain
(FDL = (B1PY + GZINND = (501(PY + DO)N . (99)

The operator @(Z ™) is called the ‘destruction-of-correlation’ operator, or ‘destruction
operator’ in short. This operator is defined by

p(V)@(V)(ZgV)) P = P(V)g(D")(Z E;))___l______p(u)’ (100)
(Z9 - Lo,
where we have introduced the ‘J-matrix’ similar to (82),
(@) = ALy Q" + ST (z)———PWAL, Qv (101)
u 2= lp,
using the analytic continuation given by (c.f. (76))
- 1 po=_—L1 _pw  fora <d, (102a)
(Zav - lu)DVM [Z - lu]Zf,v’
1 Po=_1  pw  ford, =a, (102b)
(Z9 = Lo, zy -1,
Again @(z) corresponds to the off-diagonal transitions (see (73))
D (z) = PYGM(2)QW. (103)

D™ is the global destruction operator defined below (see (110)). We have
(o] = (FQ|PY, (104)
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and
(FIIQW = (FY[PYaM(Z) = (FI[PUD®. (105)
{5'Y) are the left eigenstates of the collision operator ¥,
(oy(Z) = (B2, (106)
where
YNZY) = PYL, + APOGN(ZMYL, PV, (107)

We note that the analytic continuations in (102) leads to the same collision operator as

(86).
~(V)

We denote [0!")) the functions which are bi-orthogonal to {(3"|. Again we assume

«ﬁy)h)(ﬂu)» = 6v,y6a.ﬂ’ E{UEIV)» «55:){ = P(V)‘ (108)

We have
Lolo") = Lo, (8YILe = (o)1, (109)

Then the ‘global’ destruction operator is defined by
D = F o) (512 (ZY). (110)

Similarly to C®, the operator D' satisfies a non-linear equation given later (see (171)).
We can also introduce the ‘global’ collision operator (see (89))

0% = SN ZVUoY = LyPY + APYDUIL, PO (111)
We have
N =z, (I16Y = (3Y1Z Y. (112)
We note that
8%y # 0. (113)

But, both operators share the same eigenvalues Z o,
One can now determine the normalization constant as follows: as the result of the
bi-orthogonal relation (64), we have

dup = AFLIFEN = (NONE)PLBVIPY + DOCO)[uy”). (114)
This gives us the normalization constant in (98) and (99) as
N = [(BN(PY + DICO) ")~ (115)
Moreover, putting
(AV)"l = PO 4 PMICO), (116)

we obtain

(AN = SYWND) (T, (117)
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and its inverse operator in P subspace’

AY = PU(1+ DUCY) ™ = Tl N, (118)
Hence, we have
(EDNORAV ) = ZOND8ep = (a1AV6F0"). (119)
This leads to the intertwining relation of A" with the collision operators [20]
8YAM = AMY. (120)

As mentioned, we have in general 6% # 6. However, to the lowest order contribution
(i.e. to A% order) of 6% we obtain the same collision operator as 6 in (97), i.e.

0% ~ LoP™ + 4265, (121)

In summary we have obtained the explicit form of the ‘complex spectral representation’
of L, (see (65)) and therefore of the evolution operator U(t),

(MUY = SSUMIFY ) e 25 (FY|p(0)). (122)

This spectral decomposition involves the spectral decomposition of the dissipative collision
operators. However, the existence of the collision operator is only a necessary condition to
observe irreversibility. To observe dissipation, we have to discuss the class of distribution
functions p on which our complex spectral decomposition acts. In the subsequent sections
we shall apply our spectral representation to various situations. In simple cases (finite
number of particles and normalizable distributions) we recover the usual results of
trajectory dynamics without any dissipation inspite of the fact that we deal with LPS. Still
there are many situations where our new ‘non-Newtonian’ effects can be observed (see
Sections 9-11, and Appendices F and G).

6. NON-UNITARY TRANSFORMATIONS AND SUBDYNAMICS

Once we have obtained the spectral decomposition (65) of L,, we can construct
non-unitary transformation operators which lead to similitude relations between the total
Liouvillian L, and the collision operators [4, 14] (hereafter the index B stands for C
or D)

ApLyAg' = Oy, (123)

where

0, =36%. (124)

v

The non-unitary transformations A and their inverses are given by

Ac=3SJPNWCEVINDY = T A0S, (1252)

I

A = SFOWaDIND T2 = S, (125b)

*In general f{AM) % 2P F( NOY(BY). Therefore, this is not the spectral decomposition of 4™,
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and
Ap = STWON(EVINGT = S 62, (125¢)

A = SIIFON(OOING = T87A0, (125d)

where the operators &2 are defined by

&L =PV +CcY,  d2 = pY 4+ DO, (126)
Because Ly shares the same eigenvalues with 6% we have the ‘intertwining relations’ [4]

Ly®S = 650Y,  &PL, = 092 (127)
One can easily verify these relations by operating on the eigenstates of the collision
operators. We note that the similitude relations (123) lead to the intertwining relations
(127), and vice versa. These relations were already obtained previously [4, 14]. The
existence of the two different transformations A, and Ap suggests the possibility of
another transformation operator A associated to a more symmetrical form of the collision
operator. This will be shown in Appendix H.

As well known there exist for integrable systems unitary transformations U which
lead to?

UL,U" = L,. (128)

We expect that in the situation where dissipative effects are neglegible the relations (123)
would reduce to

AgLyA3' = L. (129)

We shall verify this fact later (see (183)). However, as the complex spectral representation
uses both analytic continuation, (129) is not a non-unitary transformation even for the
integrable case. As the result, integrable LPS are diagonalized both through a non-unitary
transformation, as well as through a unitary one. We shall come back to this problem in
Section 9.

Using A, we may introduce the transformed distribution function pp and the transformed
observables M B

Ps(D) = Aslp(t)),  (Mp(n)] = (M (1)|AG. (130)
The new states pp obey (see (124))
igat‘|PB(f)>> = Oplps(1)). (13D

Since 6% are operators acting on P subspace, equation (131) actually represents ‘kinetic
equations’ for P |pg(¢))) in each correlation subspace,

ia%P“’lpB(t)» = 6% PY)pa(1)). (132)

“In general the diagonalization of the Liouvillian L, by unitary transformation leads to a renormalized
Liouvillian L (instead of Lo) which gives frequency shifts associated to diagonal transitions. However, for the
case where there is no bounded motion (i.e. periodic motion), the renormalization effects are negligible as for
these interactions they lead to terms of order Q1.
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This represents a set of the kinetic equations of the Fokker—Planck type [17]. Each
component P"’|pg(1))) evolves independently.
Similarly, the new observables M z(¢) obey

.3 . o 0
la—t«MB(t)’ = (M5(1)|©5, (133)
which leads again to a set of equations
. a ¥ y 'Y v v
i— (M) PY = (Mp(1)| P65 (134)

We shall illustrate in Appendix G these equations in a simple example.
The transformation (130) preserves the expectation value of M,

(M), = (MO)|p(t))) = { M50)|p5(2)). (135)

Using the solution of the eigenvalue problem of the collision operator 8% for example, the
expectation value is

(M), = SSEMA0)|ul) e 2" (7] pc(0))). (136)

We note that the non-unitary transformations A preserve the reality of the states (g, plp))
(see Appendix 1 for the proof). But the transformed states ((q, p|pg)) cannot be
considered as probability distribution functions, as A does not preserve positivity. This is a
direct consequence of the causal evolution of dynamics combined with the analytic
continuations (76) and (102) (see Appendix C). However, these states play an important
role as they lead to bloc diagonal equations and permit us to introduce ‘Lyapounov
functions’ for dynamical systems (see the next section).

In our earlier work, we have repeatedly introduced the concept of ‘subdynamics’
[20-31]. To see the relation of subdynamics to the complex spectral representation, let us
introduce projection operators 1™ (see (118), (125) and (126))

0V = AR PYA, = SIFUW(FY). (137)

This leads to the familiar form [20-31]
0" = $SAMSY = (PY + CAV(PY + DY), (138)
These operators satisfy the orthogonality and completeness relations,

nUne® = nvs,,,  SO® =1, (139)

as well as the commutation relation with L,
LylI¥ = VL. (140)

TT1™ is an extension of P to the total Liouvillian L.
Because these projection operators commute with the Liouvillian, each component
U(+)[1 satisfies separate equations of motion,

MUV p(0))y = ( MBS e 0" AVB|p(0)) = ( M|BSAM e 05 S| p(0))).
(141)

For this reason, the projection operators T1 are associated with ‘subdynamics’.
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As an illustration of subdynamics, let us consider the evolution of a state which is
initially in the vacuum of correlations,

0(0))) = POp(0))). (142)

We now show that the time evolution leads to the correlations which satisfy the volume
dependence given in (45). From (139)~(141), we have

(1)) = (PO + CO) e AO POIp(0))) + 3 €W e AMDY PO|p(0)))
w#0)

= (PO 4+ 2C? + 22-- e #(1 + 2AD + 2. )|p0)) (143)
+ Azc(l2)e—i(LOP(2)+129§2))tDg?.)P(O),p(o)» + 3.

where the subscripts n in the operators represent their A" order contributions, and the
superscript (v) corresponds to vth order correlations. Applying (47) and (48) to each term
in (143) one can easily verify that the volume dependence for all correlation components
are in agreement with (45). The reader can find the detailed estimation of the volume
dependence in our earlier articles [17, 18]. This shows that the class of singular distribution
functions (45) is not only form invariant but it acts even as an attractor. In Section 13, as
well as in Appendix F, we shall see that (45) acts as an attractor in the thermodynamic
limit even for trajectories.

7. LYAPUNOYV FUNCTIONS —% THEOREMS

The non-unitrary transformations have led to the similitude relation (123) between the
total Liouvillian L and the collision operators. As the consequence, we may introduce
transformed states and observables (130) whose time evolutions are described only by the
P® components in each correlation subspace. This permits us to introduce ‘Lyapunov
functions’ which are dynamical analogue of Boltzmann's ¥-function (i.e. ‘entropy’) for
dynamcial systems [4, 5]. Entropy is the consequence of the complex, irreducible spectral
representation of the Liouvillian.

To illustrate this statement, let us consider first the generic reduced single particle
momentum distribution function defined by*

w1 = (o)) = [ dp'ow; = pen(lp’, 1), (144)
with

(& | = qufdp’é(p} -p)q. p'l = L3N/2fdp’5(p} = p)K0, p'l PO, (145)

where the right-hand side of (145) is written in the wave number representation. We have,
for example; (see (52))

(Bil = [ dop,( - (146)
We note
€0, p'1@ N €@y oY = L*V?8(p; ~ p)@r(p))- (147)

%The Lyapunov functions are defined for the generic distribution functions. For a trajectory (as a specific
distribution function), we have divergence for |g;(p;)|? because of the square of the delta function of the
momentum.
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Hence the hermitian operator |q,op D {@,,| preserves positivity. The reduction does not
change the sign of the distribution function.
We now consider the transformed distribution function (see (130)), e.g. for j = 1,

P, 1) = (@, lpa(1)). (148)
Then, a Lyapunov function associated to this distribution function may be defined by
#5(1) = [dpilot(es, P, (149)
where
“Pl (01, D)IF = p()IAG "Ppl» «%JAB’PU)» (150)

We have from (132) (e.g. for B = ()

oy, )P = Ee—““ 2P pc)aPN (8o, ) K B e PW LAl pc0)).  (151)

All decay modes are damped for ¢ > 0. Moreover, we now show that the damping is
monotonous. Taking the time derivative of (150), we obtain

2
‘a‘t"q’F(Pl’ niF = ‘«PB(t)Igf%))(Pl)lPB(t)»» (152)
where %Y is defined by
KPP = 13, ) €@ [16F + @09, ) (@ l. (153)

%% is a hermitian operator. Thus these eigenvalues are real and the left- -eigenstates are a
hermitian conjugate of the right-eigenstates’. Let us assume that the spectral decomposition
of %Y is known

K1) = Svse)lws) ) Cwsp)l, (154)
B

where y; are real numbers and

({ Wﬂ(P1)| Wﬁ'(lh)» =84,

Efwﬁ(pl)» (wep)| = fde“IO, P, {PYVIN KO, py, {p}V7.

(155)

As mentioned, the operator |§, ) ((@,,| preserves the posmwty The reduction does not
change the sign of the collision operator. Therefore, #% is a non-negative operator, i.e.

75(P1) = 0. (156)
Then we have
3
an(Pn O = =Xyl wppp)los(ON* < 0. (157)
B
The evolution of |@(p;, ¢)|? is therefore monotonic. As the consequence, (see (149))
d.s
—#, (1) = 0. 158
i (1) (158)

In the reduced subspace of 1P;, eigenstate of K are normalizable. This is in contrast to the eigenstates of the
Liouvillian.
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Hence, the ¥ theorem holds. Then, %g(t) monotonically decreases for ¢ >0, until all
decay modes disappear and the system approaches equilibrium. Contrary to Boltzmann’s %
theorem, our ¥ theorem is valid for all A (or concentrations) for which the spectral
decomposition of K can be determined.

Instead of the Lyapunov function (149), we can introduce the more familiar form of the
#-function, such as

#e'(1) = [ dml@l@:, 0]log ol by, 1) (159)
Taking the time derivative, we obtain
d. z 1 3
() = [ dpr—; (oglpf(p, O + D=lgl(pr, P <0, (160)
de 2 @1 (1, 0] ot

Again we recover the # theorem. In the lowest order of A (or of the concentration) the
transformation (148) is not necessary (i.e. Ap=~1) and Boltzmann’s formulation is
recovered.

For the more general case of generic reduced distribution functions f;, we have

f:(ql g, Py Py, t) = «?ql ,,,,, GgP1reeeoPs p(t)»

N! ' ’ ’ ’ !
———[dg’[dp'd(ai — a) - &(a; — a,)0p] ~ p1) -+
— s)!

i

(N
X 6(1’; - Ps)P(ql’ p’v t)’ (161)
with
~ 1 i . .
« fql,...,q,.,pl,...,psi = ; Z . Ze (ki qp+ - - +k,-q,)
L x K,

x L2 [ dp'o(pi — p0) -+~ 8(p) = Pk, - Ky {0}V pl. (162)

We may now introduce the Lyapunov functions through

#7() = [day ... dg, [ dpy .. ap,[(Foy..qm,

The extension of the above arguments is straightforward.

pe(ONL. (163)

8. POINCARE RESONANCES, FLOW OF CORRELATIONS AND ENTROPY BARRIER

The complex spectral representation obtained in Sections 4 and 5 as well as the ¥
theorem in the previous section permit us to understand in an intuitive way the mechanism
of irreversibility, which is associated to the ‘flow of correlations’ [6, 17].

Let us consider the evolution of binary correlations g,.

_ 1 K- (g —d- _
£:(q:> 92, P1, P2, 1) = quN ZJ’dPN Zgzek 0=Qp (P, P2 pV 1)
X
(164)
= L2 [ 4g2 [ dph S em e (i, —k, (042, plo(o)),
x
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where

p()) = 3 e FON (FY o)
% (165)

= 2(p(V) + C(V)) e—iB?’tA(V)(P(V) + D(V))lp(()))).

Let us then consider for example an initial condition with no correlations, i.e. the system is
initially in the vacuum of correlation,

1p(0)) = PPp(0))). (166)

We assume that the coupling is small, i.e. A<<1. The traditional approximation for a
weakly coupled system in kinetic theory is the A*z-approximation [17]. Then one only
retains contribution of the order (A*¢t)" with n=0. For the evolution of correlations,
however, this leads to the trivial result that all correlations vanish in the weakly coupled
limit A— 0. Hence, we have to go beyond this approximation. We shall keep terms to
order A(A°t)" in (165). We call this the ‘A(A*t)"-approximation’. It should be emphasized
that the A’t-approximation describes only the asymptotic evolution in time. As the result,
one cannot discuss causality in this approximation. In contrast, our approximation is
applicable for all time scales. It is easy to extend this procedure to higher order
approximations.

Then we have the contribution from IT) associated to the vacuum of correlation, and
from IT*"* associated to binary correlations (all other contributions are neglegible in this
approximation):

(k, =k, {0}V, plp(t))
= Mk, =k, {0}V2, pl(CP e Fe 4 etk stk pO h) Yy - (167)

where
fdp’«k, —k, {0}"2, plAc|0, p"Npo(p’)

= ~[dp'((k, ~k. {0}**, plin{“~*

0, p"Npo(p’)

= ~d— k- dupi(p). (168)
k-g, — 1€

To evaluate (164) explicitly, we have to specify the interaction, and to solve the eigenvalue
problem for the collision operators 4265 and k - g, + 226%™, For a simple system, such
as the ‘perfect Lorentz gas’ (see Appendix F), we can solve the eigenvalue problem
explicitly. We shall present detailed calculations for the causal evolution of the correlations
in separate papers [41, 42] (see Appendix C for a remark on the causality). Here, we shall
present a sketch of the results.

We first note that the effects of the two subspaces IT” and I1*~% cancel at ¢ = 0. For a
short time scale, effects of dissipation coming from the collision operators are negligible.
The integration over k in (164) is quite similar to the calculation of the momentum transfer
(218) discussed in Section 11. In Appendix J we present the result of the integration of
(218), using a short-range Gaussian repulsive interaction (see (J8) and (J12)). As far as the
coordinate dependence is concerned, (164) are essentially the same as (218). Hence, we
shall refer here to the results for (218). The results show that the binary correlation in IT©
remains finite for |q; — q,] — © (see (J15)). This results from the resonance singularity at
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k-g, =0 in (168). The resonance effect leads in the I1® subspace to ‘long-range
correlations” between the particles 1 and 2 whatever their distance. On the other hand, the
effect in the subspace TT*~%) is simply a shift with an opposite sign of the contribution in
@ for short time scale, as q, — q, is replaced by q; — q> — g1o¢ (see also (J12)). Hence
the total contribution of the binary correlation develops in space, following a causal
evolution (see Fig. 2). Due to the Poincaré resonances, the long-range correlations are
built up, as time goes on. However, it should be noted that the long-range correlations are
associated only to non-equilibrium modes, as for equilibrium mode we have py(p) = f(H)
i (168) and it leads to k - d»p(p) = k- g1of'(H,), where the prime denotes the derivative.
The factor g;, compensates the denominator in (168) and there is no resonance singularity
at k - g,, = 0 for the equilibrium mode.

For large time scales, the effects of the dissipation coming from the collision operators
are no longer negligible. Effects from non-equilibrium modes both in IT” and in 1%
subspaces vanish for large time scales due to the repeated collisions with particles in the
medium. In (164) only equilibrium short-range binary correlations remain finite around
each particle. However during this process, ternary non-equilibrium correlations are built
up, and then also decay to equilibrium correlations, then fourth order correlations etc. As
time goes on, the non-equilibrium correlations are propagating over larger distance®, and
transfer the correlations among more and more particles. We then have the directed ‘flow
of correlations’. This flow finally disappears in the ‘sea’ of highly multiple, incoherent
correlations [17]. While the very meaning of irreversibility is ditficult to express in terms of
the usual dynamics of particles, it acquires a direct intuitive sense in terms of the ‘dynamics
of correlation” based on the complex spectral representation.

The ¥-property, as well as flow of correlations, are direct consequences of the existence
of the complex spectral representation of the Liouvillian. As mentioned before, the
dynamical group splits then into two semi-groups. We have to retain the semi-group for
which the system approaches equilibrium in our future. This corresponds to the ‘second law
of thermodynamics’. This law plays a basic role as it leads to a ‘selection principle’ for the
states which can be observed in nature.

In the previous paper [5] we have already shown for a simple non-integrable quantum
system (i.e. the Friedrichs model) that the ‘entropy barrier’ defined as the difference

(a, - 02)//

(k,~k)

II

Fig. 2. Causal propagation of binary correlations g, in the parallel direction (q; — g3}, to the relative velocity g;,.

The contribution from the IT® diverges exponentially as a function of (q; — q;);; (see the discussion in Appendix

C). The contribution in the space TI®) damps in time, while the contribution in the space IT(*-~%) shifts with the

relative velocity g1, and damps. Outside the non-causal region (q; — q2); > |g12]¢ the contribution in the space

IT® is canceled by the contribution in IT¢:=%_ As time goes on, a long-range correlation is built up by the
resonance.

*Due to the existence of diffusion modes in space associated to small wave vectors k, the non-equilibrium
correlations can propagate over a larger distance (see Appendices F and K).
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between the value of the #-function after and before a ‘velocity inversion’ increases
exponentially as a function of time r, at which the velocities are inverted. For this case the
‘long-range correlations’ between the unstable particles and the emitted photons are built
up again due to resonances. The longer the time t;, the more difficult it becomes to
prepare the ‘velocity inverted’ states. Asymptotically, the entropy barrier diverges. One
can no longer prepare the ‘inverted’ states. As mentioned, the resonances also build up
long-range correlations among the particles for the N-body system. We can then extend
this argument for the system in the thermodynamic limit. We present this extension in
Appendix K. There we shall show that long-range correlations lead again to an ‘entropy
barrier’. To be consistent with our experience, it is natural to exclude the set of initial
conditions which would lead to an infinite value of the #-functions or of the ‘entropy’.
Therefore, the second law of thermodynamics may be formulated as follows.

Only states which lead to finite values of H functions are found in nature.

In other words, only states in the domain of A are found (or can be prepared) in nature.
This seems to us a very natural conclusion.

9. LINEAR AND NON-LINEAR LIPPMANN-SCHWINGER EQUATIONS

In the previous sections we have derived the complex spectral representation of L,
through the solutions of the ‘non-linear’ eigenvalue problem of the collision operator y* in
(83) and (106). Also, if we flrst determine the operators C” and D", we can construct the
global collision operators 8% which do not explicitly depend on the eigenvalues Z .’
(see (91) and (111)). Then, using the solutions of the ‘linear’ eigenvalue problem for 6(”,
we can construct the solutions of the eigenvalue problem of L, through the intertwining
relations (127) [4, 14]. In this approach the nonlinearlity of the problem appears in the
equations for C and D™, Indeed the mtertwmmg relations (127) with (91) and (111)
lead to non-linear equations for ¢ and ®¢, through which we can determine C* and DV
[14, 23, 24]:

L@ — dSLy = —L, & + L, dE, (169a)

Ly®? -~ 0L, =L, — $°L, &2, (169b)
Let us operate &S and &2 on the eigenstates of the unperturbed Liouvillian L,

[DO) = dLlv), (00 = (Md). (170)

In general these states are not eigenstates of L.
From (169) we derive the non-linear equations,

@) =) + fim B PWOUAL,[0})

A M R (171a)
+ lim 2———~P‘“’Q<")I<DS>> UVAL, @)Y,
QLo ZV + ieﬂv
(@7 = (M + lim S (@P|AL, QW PW L
— 13 IV - lu + 16‘,“‘ (171b)

-1

+ lim ¥ (DV|ALy|v) (@7|QM P®
Qe y = 1, + i€

vt
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We have imposed the boundary conditions
[@r) =|v). and (@] =, (forA=0) (172)

The analytic continuations of the denominators in (171) are given by the ie-rule (75).

By iterating (171) we can construct the explicit form of C®) and D™ in powers of 1. We
can then construct 4" through (118), and thus IT® as well as 8% in powers of A, We shall
call equations (171) the ‘non-linear Lippmann—Schwinger equations’ (NLLS), as we shall
show that they are corresponding to a ‘non-linear extension’ of the classical version of the
‘Lippmann-Schwinger equations’. The non-linear terms of NLLS involve the contribution
from the diagonal transitions associated to the collision operators (see (91) and (111))

(MALYI®T) = (MODv) — 1,,  (@PIAL,|vY) = (MOPv) = L,.  (173)

Let us consider the case when the contribution from the diagonal transitions in the
left-hand sides of these expressions are negligible. In the next section we shall discuss the
conditions when this is satisfied. Then, we have

6% = L,PO, (174)

where B stands as before for C or D. This implies that the eigenstate of 6% is the
unperturbed state |v)), and the eigenvalues of L are /, the same as for L,. Dissipation is
negligible, i.e. the evolution is time-symmetric. As the result, we have (again neglecting the
diagonal transitions: see (115))

N =1, (175)
as well as
AW = pO), (176)
Combining them with (127), we have
Lul®7) = 1jer). (@Il = (@I, (177)

i.e. for this special case the states &S and ®2 are eigenstates of Ly with real eigenvalues
{,. We shall show later that this situation corresponds to ‘integrable systems’ in the sense of
Poincaré.

Then equations (171) reduce to the ‘linear’ equations,

lq)vc» = ]V» + Z_._;l.___P(M)Q(v)/lLvl(pf»’
19 ly - lv + l.Ellv

(178)

(@0 = (M + S{@P)AL, QW PW 1 ’

# lv - l!‘ + i€"#

where we have abbreviated the notation of the limit Qs «. These are the ‘classical’
versions of the Lippmann-Schwinger equations. We emphasize that (178) as well as (177)
is valid only for the integrable systems where the diagonal transitions associated to the
collision operator are negligible. For this case we have

(@Vlo) =0, Tlerh(er =1, (179)
and the spectral decomposition of the evolution operator,

e ilnt = 2|<I>C>> e (@) (180)
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Moreover the transformations Ay reduce to

Ap = Ay, (181)
where
A= Dvy(@rl, Al =SIeoN (v, (182)
which lead to
ApLyAy = AjLyA7' = L. (183)

We have put in the index / in order to emphasize that A, is associated to integrable
systems, as (183) holds only for this case. In Appendix L we present the explicit form of
the solutions of (178) for &< and ®2 for two-particle systems (or potential scattering).

Let us consider the case that interaction among the particles is ‘transient’. For this
situation, there exist asymptotic states before and after scattering. This is the situation to
which the S-matrix theory in quantum mechanics applies. In analogy to the quantum
S-matrix theory, we can introduce the asymptotic states which are the classical versions of
the ‘Moller scattering states’ @ defined as the solution of the equations (33-35)

+ 1 , ;
@) =[v) + —QVALy[®) ),
lV - 0 * ie
+ + 1 (184)
(@) = (v + (@, 1ALy QY —
v — 0 + 1€
They also satisty
Lyloy) = 1|®V), (185)
as well as (for the integrable systems)
(@llo) =96, TlerN(er =1, (186)
and
et = @) e (@]], (187)

and similar relations for ®,. The states @, correspond to the ‘retarded’ solutions of the
scattering, while @, to the ‘advanced’ solutions.

Equation (187) is the unitary spectral decomposition of the evolution operator. Moreover
we can introduce the unitary transformations (for repulsive forces)

Us = JIMNK®] UL = SIe0) (v, (188)

which lead to
U,L,U, = L, (189)

and a similar relation for U_.
The structure of A, is quite similar to that of U,. However, due to the difference in the
analytic continuations between (178) and (184) these transformations are not the same. For
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example, the eigenstates corresponding to the vacuum of correlations (i.e. the states with
zero eigenvalue [, = 0) are given for (178) by

D5y =050, (5| = (@ql. (190)

As the complex spectral representation uses both analytic continuation in (182), A; is a
non-unitary transformation even for the integrable case. Nevertheless, because of the
bi-completeness relation in (179), the spectral representation (180) and (187) lead to the
same evolution of the distribution function |p(t))).

It is remarkable that integrable LPS admits both the non-unitary transformation (182), as
well as the unitary ones (188).% However, there is a significant difference between the two.
To see this, let us evaluate the inner product {® ,|®; ,)) for the unitary transformations.
Because the inner product is a distribution, we evaluate this with an integration over p’ as
(e.g. with the momentum p,)

’ 14 - - A'z X ’ ! I3 V 2 ’ ’
de Pl«q)o,p'f‘bo,p» =P — —222f dp plk'djn—‘__|'£‘l‘_.—2‘k'djn6(p - p)+ O()La)
Q25K k-gj, + i€l
2 N 2
o - LS sked,— 20 i om) (191)
Q2 2’k kg, + i€’

= p; + O(N/eQ).

To obtain the second equality in (191) we have performed an integration by parts over the
momenta. The non-vanishing contribution comes only from the terms which are ‘con-
nected’ to the labeled particle 1. All ‘disconnected’ terms vanish by integration by parts
over the momentum p; for j # 1. As the result, the number of terms of the A? contribution
in (191) reduce from N? to N. We note that this is a general property associated to
reduced quantities (50) (see also (67)). Whenever we consider the reduced observables, all
disconnected terms vanish.

Due to the Poincaré resonances, there appears a singularity ~¢™ in (191). However, for
N finite this singularity is harmless, as we have to take first the limit Q — 0+ before taking
the limit € — 0+ (see (B2)). Nevertheless, the unitary transformations cannot be extended
to non-integrable systems in the thermodynamic limit, since Q™! is compensated by N in
this limit. In contrast, the non-unitary transformation regularizes the Poincaré diver-
gence as

o N 1
fdp P @oy| D5, ) ~ by + —-E(——.— +cc)~p +ON/Q). (192)
QK \(k v + ie)?

Hence, (182) has a natural extension for the non-integrable systems where the time-
symmetry is broken (see also the Appendix D).

10. INVARIANTS OF MOTION AND INTEGRABILITY CONDITIONS

Let us discuss the relation between A and the invariants of motion for integrable
systems. We consider the transformations for observables,

(ME(t)| = ( M(0)|A5U(r). (193)

$The non-uniqueness of the spectral decomposition including a non-unitary spectral decomposition has also been
observed for the Friedrichs model in quantum mechanics [5].
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We note the difference of this quantity from ({ M ()| introduced in (130). The time
evolution of (( M2(r)| is generated by the Liouvilian L, while {( Mz(z)| is generated by
the collision operator ©5.

The 1mp0rtant property of M? is that when M is in a single correlation subspace P,
then M? is in the [T subspace. For example, let us assume

(MO = (M) P (194)
Then we have indeed (see (125))

(MO = ZLMOWT) FIINT
—2<<M<0)|u‘”>><<F”’1 NV = (MP(0). (195)

For this case we have (see (141))
(MO (0] = SAMOIR) e (3|08 = (MO (196)

Of special interest is the case where v =0, because this leads to ‘invariants’ of motion for
integrable systems. To see this, let us consider the transformed ‘momenta’ (see (52))

(BP(] = (BilApu(). (197)
We have
B (DIp0)) = (B e 05" By|p(0))). (198)

When the diagonal transitions are negligible, i.e. 89 = 0, the transformed momenta reduce
to the invariants of motion (see (182))

(B7()lp(0)) — (BilA]p(0)) = fdp’«f)il(), P'NEPSl0(0))). (199)

The invariants evaluated on a single trajectory are of special interest. This corresponds to

10(0))) = 14, p*),
P (q°, p°) = (plla" p°) = L3N/Zfdp’p£<<¢3prlq°, p°)- (200)

This defines a set of 3N ‘new’ momenta. Therefore, when the conditions (a) diagonal
transitions are negligible, and (b) the right-hand side of (200) exists, the P’(q°, p°) are
invariants of motion, and the system is integrable in the sense of Poincaré. We shall call
the condistions (a) and (b) the ‘integrability conditions’. We shall discuss later these
conditions in detail for various situations.

In analogy to the quantum $-matrix theory, we can write the solution of the Méller state
@, in (190) in terms of the classical version of the J-matrix,*

(®g,l = (0, pl + (0, plg(ﬂf)——— (201)
+ie — L

where the J-matrix is the solution of the integro-differential equation (c.f. (101)),

J(z) = ALy + J(2)

ALy. (202)
Z— Ly

$For integrable systems we can remove the restriction expressed by Q) in (178). See the discussion of the last
part in the next section.
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Then the invariants of motion (200) are given by (for integrable systems)

: [y ’ . 1 ik q?
PiD(qO, Py =p: + ém}ofdp Piz«O, p'lI(+ie)lk, P>>*i_*—()“e kot (203)
- k +ie ~ k-v

Hence, the existence of the J-matrix corresponds to the condition (b) of integrability. As
we shall show in the next section, for short-range repulsive interactions and not too large
number of particles N, this condition is satisfied.* The system is then integrable in the
sense of Poincaré. Even when there is no analytic solution described by the Born series in

A of the J-matrix, there may exist non-analytic solutions of (202), such as they occur for
attractive forces in quantum scattering. We hope to present a classical analogue of this
situation elsewhere.

The invariants (203) are examples of ‘singular invariants’ (as the Fourier components of
the invariants are singular at the resonance k - v = 0) first introduced by one of the authors
[17, 36] (see also [37, 38]). It is worthwhile comparing our result with the usual canonical
transformation theory based on Hamilton-Jacobi’s equation for the generating function
F(P',g), where P' are the generalized momenta which are also invariants of motion
[39]. By the standard perturbation analysis for F(P',q), one can easily show that the
generalized momentum P is the same as (203) to first order in 4 (see also (206)). Hence,
assuming the analyticity of the J-matrix at A =0, the invariants (203) are the Hamilton-
Jacobi invariants of motion.

Let us now discuss in detail the integrability conditions for (198). We first consider the
case where the number of particles N is finite, and the distribution functions are regular as
given by (31) with no delta function singularity in their Fourier representation. Expanding
(198) in powers of A, we have

(pF(lp(O) = Jim 3 [dp[dp'p,0, ple™"(1 + DY + IDP) [k, pHpO) + 4+
k
(204)

Here A*0% and "D are the nth order approximation of the corresponding operators
(see (97)). To the second order in A, we obtain

(BCOIO) = lim 5[ dp [ dp'p,

x {0, pl[1 + ADY + 22D — i6P1) + -]k, p'Npe(0). (205)

The contribution from Df,o) corresponds to off-diagonal transitions, while 6¢" corresponds
to diagonal transitions in the space P©.

As an example, we consider a single trajectory corresponding to (200). To first order in
A, we have (e.g. for i =1)

V dr 00
Pr(q". p" 1) = pr ~ Alim = ~EE j dppik- d]n;—g—ﬂ‘%e"“<qf““">é(p - p") + 0@
n>] k "8in — 1
(206)
= pi + Alim —22 ke k@ien 4 O(22)

n2kkg1n" i€

*For more than two-body systems, we need a careful discussion of the analyticity of the J-matrix, as performed
by Faddeev for the three-body collision. We shall not discuss this probiem here.
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To obtain the last line in (206) we have again retained the ‘connected’ contribution to the
labeled particle 1 (see (191)).
Similarly, the second order contribution D, is given by

e vV
[PP(q°, p°, Dep, = =2 lim — EEZ fdpplk-dm%

mQ"Zkk’ 'glrt~i€
Vik—k|
W
‘8in — L€
where the bar denotes the particular term we are looking at. This term comes from binary
correlations. To this order we have also to retain the effect of ternary correlations, which
we do not write here. The prime on the summation sign over k' denotes that we exclude
=0. This restriction is the result of the fact that D is the off-diagonal transition
(expressed by O in (103)).
For the diagonal transition we have (see (97))

x (k — k')-d e k@I (p — p%), (207)

Vil> . _ 0
e ik di,0(p — p°). (208)

‘8in — 1€

[PP(q", p", Dlis, = i#t Jim —EZJdpplk dy,

n=2k

For any finite N, the diagonal transition (208) is negligible as this term is proportional
to Q7.

In Appendix J we present the result of integration over k in (206), using a short-range
Gaussian repulsive interaction (see (J8) and (J 12)) We see that the effect of the interaction
for particles n in (206) remams finite for |q1 q,,| — o (see (J15)). This results from the
resonance singularity at k- gl,, =0 in (206). Similar to the discussion in Section 8 the
resonance effect leads to the long-range correlations between the particle 1 and n whatever
their distance. Hence the order of this contribution is O(AN). Similarly one can show that
the order of (207) from the binary correlations is A°’N, and from the ternary correlations in
A contribution is O(A*N?), and so on (see the discussion below). As the result, if the
number of particles N — o, then (206) generally diverges. In order for (206) to be an
invariant of motion, N should be finite. Even if N is finite, but too large, then the series
expansion in A may not converge.

We can easily extend the above estimations for the diagonal transition and the
off-diagonal transitions to all orders of A. Indeed, by increasing A in the off-diagonal
transition, we multiply by the factor Q7'>, (see (28)). This factor does not lead to any
extra volume factor in the limit of Q — « (see (20)). A new particle may or may not
participate in the interaction. On the other hand, the diagonal transition is a point
transition in the summation over Kk, so that it leads to a factor Q! without any summation
over the wave vector. Hence this vanishes in the limit Q — . As the consequence, all
diagonal transitions are negligible for regular distribution functions for finite N. Therefore,
the integrability condition (a) is satisfied.

Moreover we note that the restriction expressed by Q” in the off-diagonal transition can
also be removed for this situation. Indeed, the term corresponding to k' = 0 in (207) is of
order (e€2)”! and can be neglected by the condition (B2).

Extension of these estimations to more general observables in equation (196) is
straightforward. Applying these results to NLLS (171), we see that they reduce to the
linear Lippmann—Schwinger equation (178).

In summary, systems described by regular distribution functions are expected to be
integrable. On the contrary, if the distribution functions are singular, or the number of
particles approaches infinity, the system is no longer integrable. Then, one can observe the
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dissipative effects in LPS. In the following sections we shall discuss these non-integrable
situations which cannot be described by Newtonian trajectory theory.

11. PERSISTENT INTERACTIONS AND SINGULAR DISTRIBUTION FUNCTIONS

In the previous sections we have constructed the invariants of motion (203) for systems
with a finite number of particles and described by regular distribution functions. We now
show that the new momenta defined in (200) are no longer invariants of motion when they
are associated to singular distribution functions.

Let us integrate (200) over the coordindte ¢,

I(p, 1) = quPf)(q, p. 1) (209)

The diagonal transition in (208) now gives a finite contribution, while the off-diagonal
transitions in (206) and (207) vanish because of the restriction by Q© in the D® operator.
Therefore we obtain from (208) (e.g. N = 1, and dropping the index of particle 1)

Y, 0= ,12fdkjdp'p'|vk|2k-ina(k-v')k-ia(p' —p) +O().  (210)
dr op’ Y

We see that I(p, t) evolves in time.

One can understand this result as follows. The integration corresponds to the introduc-
tion of a non-local ensemble which has a “delta function singularity in its Fourier
representation,

p(0) = pi(p, 0)8a(k) + pi(p. 0), (211)

where we assume that pi and p{ do not depend on Q in the limit of large volumes.
Because of this singularity, the effect of the diagonal transitions are amplified Q times. As
the result, I(p, ¢) evolves in time.*

However, we note that the normalization of this singular distribution function diverges,

jmﬁwwmm=ﬁmwmmm+m@w~w. (212)

Physically, this corresponds to a situation where we continuously send ‘test’ particles

towards a single potential. We assume that the interaction between the test particles are

negligible as compared with their interaction with the potential. Moreover, we assume the

test particles are distributed with a finite concentration in space. Therefore, the interaction

between the particles with the potential is ‘persistent’. There are no asymptotic states for

this scattering process. This situation goes beyond the usual S-matrix theory.
Corresponding to (210), we obtain for the ensemble (211),

d, . d 2 )
—{(B°(lpO) = #* J dk f dpp|V, [k - —76(k - vk - —p5(p, 0) + O(). (213)
dt 3p 3p

Therefore {p2(¢)|p(0))) evolves in time when associated to the singular distribution

function (211). In the right-hand side of (213) we recognize the Fokker—Planck operator
(see (95)). Dissipative processes are enhanced by the delta function singularity in (211).

*For this case non-negligible diagonal transitions appear only in the vacuum of correlation. Hence, the analytic
continuation for the diagonal operators is also uniquely determined by the complex distribution, as in the case of
the thermodynamic limit discussed in (97).
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The system is non-integrable for persistent interaction described by the singular distribution
functions.

In the evolution of {(§°(¢)|0(0))) there appear generally higher order contributions in
time, as (—i0"1)" with n =2 (see (141)). However, as one can easily see, a repetition of
diagonal transitions always leads to extra volume factor Q7' for the singular case we
consider in this section. All higher order contributions ¢* in time with n =2 are negligible
in the large volume limit. The evolution of p?(¢) is strictly linear in time. In previous
papers we have investigated in detail this situation and performed numerical simulations
[1, 2, 16]. The agreement is excellent.

Because of the linear time dependence of {(p”(¢)|p(0))) in (213), however, the system
cannot approach equilibrium in a finite time. This is in contrast to the systems studied in
the next section, where we shall investigate the evolution of dynamical systems which are
described by singular but L, normalizable distributions such as (45) in the thermodynamic
limit.

In the above example, we have shown that the evolution in the T1© subspace gives a
finite contribution in the limit of large volumes for the singular distribution function (211).
This is generally true for all contributions in the I1” subspace, whenever the contributions
involve the effect of the interaction AL,. However, there is an exceptional component
which leads to a divergence in the A transformations. That is the contribution coming from
the free motion. For example, the unperturbed component of ((§°(¢)|0(0))) diverges when
it is associated to the singular function (211), in spite of the fact that its time derivative
gives the finite contribution (213). The integration of the momentum p} in (206) over space
diverges. Physically, this divergence can be easily understood, as we are continuously
sending test particles towards the potential. A detector behind the potential registers this
incident flow of test particles. Simply by putting the detector in a direction which is not
parallel to the flow, one may avoid this diverging contribution.

12. SINGULAR DISTRIBUTION FUNCTIONS AND THE THERMODYNAMIC LIMIT

We now consider the singular distribution functions of class (45) corresponding to the
thermodynamic limit. As mentioned in Section 3, canonical equilibrium belongs to this
class. The main differences from the one considered in the previous section is that the
distribution functions while singular in the Fourier representation have well-defined L,
norm. The time evolution of this class of ensembles is the main subject of non-equilibrium
statistical mechanics (NESM). Its time dependence has been already investigated in our
earlier work [17-19]. All results obtained from the NESM can be recovered by our
complex spectral representation. This includes the derivation of the Fokker-Planck
equation, of the Boltzmann equation, and more generally of non-Markovian master
equations. As this class of ensembles leads to non-Newtonian contributions, we concluded
at this time that these contributions result from approximations introduced in the solution
of the Liouville equation. We see now that these results are exact consequences of the
solution of the eigenvalue problem of the Liouvillian for singular distribution functions
outside the Hilbert space.

It has also been shown that this class of distribution functions approaches equilibrium for
t — » [17]. This is confirmed by our formulation of the ¥ theorem in Section 7.

Let us now show that this class of distribution functions belongs to the domain of the
non-unitary transformation A. To illustrate this, let us evaluate the transformed momentum
p1 (0) on the ensemble (45). As in (206), we have to first order in A:
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(B O1p(0)) = [dppipe(ip. 0)

N

. Vv

- lim =35 [dppik- —po i B IpY T 0) + OGE). (214)
Q° =2k op; k- g, — i€

Note that the difference in the volume dependence between (214) and (206). Now the

transformed momentum has a well-defined value of order ¢ in the thermodynamic limit (2).

One can easily verify that (214) is well-defined to the arbitrary order of A, as follows. In
the second order contribution A2, there are three possible contributions; the first is the
diagonal transition coming from the vacuum of correlation py(|p), the second from the
binary correlations py._,(p1, P.|), and the third from the ternary correlations gy i _i- (P,
p; p.])- All other terms in the second order terms do not contribute, as they are not
‘connected’ to particle 1 through the interactions (see the discussion in (206)). In all the
three cases there appears an extra volwme factor Q7! through the new interaction (see
(28)) as compared with the first order contribution in (214).

However, for the first case with p, we have an extra factor Q as compared to py _; in
(214), which compensates the factor Q™! coming from the interaction. Hence, the first
contribution is also of order c. In the second case with p. _- we have an extra summation
over k'. This summation, together with the factor Q! from the interaction, leads to
well-defined result in the thermodynamic limit. Hence, the second contribution is also
order ¢. Similarly, one can easily show that any order terms in A from binary correlations
give the contribution of order c. In the third case with oy, _,_ we obtain a contribution
which is of order ¢?. Similarly, one can show that any order terms in A from ternary
correlations give contribution of order ¢?, as the summation over the third particle gives a
contribution of order N which compensates the factor Q~!. One can in this way verify that
all terms coming from nth order correlations lead to contributions of order c¢"'.
Therefore, assuming convergence of the series! the transformed momentum pr(0) in (214)
is well-defined to the arbitrary order in A. Similarly, the transformed observables (193) are
finite in the thermodynamic limit. Ensembles described by the distribution function in (45)
are in the domain of the non-unitary transformations A.

In order to compare the behaviour of p2(¢) in association with the ensembles (45) to the
results in the previous section, let us evaluate its time evolution. As mentioned before,
pr(1) is in the T subspace. Hence, we can apply the formula (141). Then, we obtain

9 (BP)p0)) = [dppiZpn(p. 1) + O, (215)
dt ot

where py(p, t) satisfies (under the integration over the momentum in (215)) the Fokker—
Planck equation,

9 RS

‘a—tPo(P» t) = Jim 'g;Ezykak.dln”a(k'gln)k'dlnPO(Pv 1) + O(). (216)
n=2 k

In the thermodynamic limit, the right-hand side of (216) gives a finite contribution of

order c.

In this equation we can neglect the contribution of 3/3p,, in the derivative operator dj,,
at the left because of the boundary condition (5). This is possible, because we understand
(216) together with the inner product together with the observable p that leads to the
integration over the momentum in (215).

The result (215) is quite similar to (213), but there is an interesting difference. The

IThis may involve resummations.
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right-hand side of (216) depends on time, while it does not in (213). In the situation
considered here, there appear summations over new particles due to repeated collisions
(—i0%ty". As each summation over particles leads to a factor N, we can no longer neglect
the higher contribution of ¢” with n =2 (see the discussion around (213)). Because of this
non-linear contribution in time, the system approaches equilibrium in a finite time scale
t, ~ (M)l

We shall not try to summarize the results we obtain starting from the singular
distribution functions (45) and applying our complex spectral decomposition. This would
involve a summary of most of non-equilibrium statistical mechanics [17]. We want only to
emphasize that here we have a striking example of the emergence of non-Newtonian
contributions.

We already mentioned that the ensembles (45) are form invariant. Are there other form
invariant distributions? This leads us to the basic question: are trajectories conserved in the
thermodynamic limit? Can non-Newtonian effects be observed starting from a single
trajectory? These are the questions we want to consider now.

13. THE THERMODYNAMIC LIMIT AND THE COLLAPSE OF THE TRAJECTORIES

We now start with the initial condition (4) and consider the limit N — <. In the previous
section we have considered the time evolution in the thermodynamic limit described by the
class of singular distribution functions (45). A single trajectory does not belong to this
class. As we shall show in this section, time dependent perturbation analysis may lead for
trajectories to diverging contributions due to the Poincaré resonances. However, there is a
generic class of initial conditions for trajectories which are in the domain of A. For this
class, time going on, trajectories are destroyed by the Poincaré resonances and the
distribution function approaches the class of (45).

Let us consider the time evolution of momentum p; with the initial condition (4)
corresponding to a trajectory. The evolution operator AU(¢) satisfies the integro-differential
equation,

!
Ou(t) - e_iLOt _ lf dt,e_iLO(t_t,)ALvou(t,)- (217)
0

The iteration of this equation leads to a perturbation expansion of AU(f). Applying the
expansion to the momentum in (52) for j =1, we obtain the first order contribution of 4,

1

00— e

pi(1) = p} + glzl_lg /lfdpplz(Lv)o,p;k,pOk (e7® % — 1)k’
p

(218)

=pl+ lim _EZ( k)__(e—ik'g?nt — 1)e & @iy,
k n=2 k-gl —
where we have added —ie with the positive infinitesimal € in the denominator This
addition does not change the value of the right-hand side, since k-v” =0 is not the
singular point of the integrand in (218).

Let us first consider the case where N is finite. With non-vanishing initial velocity of the
particle, the interaction terminates after a finite time scale. Hence, the interaction among
the particles is transient, and the value of p;(¢) reaches asymptotically a constant Indeed,
for t — + the time dependent term in (218) vanishes, as the pole at k - gl,, = +i€ in this
term does not contribute for ¢ > 0. In Appendix J we show this explicitly for a specific
interaction. Then we obtain (for { — +)
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N
pi() = pl + AZJ’dk—%—.—k e~k (@iman 4 o) = PL(q° p°). (219)
n=2 k-g, — i€
This corresponds to PP(¢°, p°) in (206). Recall that the contributions to the invariant come
only from the space IT”. In contrast, the time dependent term in (218) is the contribution
from the creation operator AC in the I subspace associated to the binary correlations
P@ . Hence, the asymptotic contribution comes only from the IT® subspace.

As mentioned (see after (208)), the resonance singularity at k * g}, =0 in the denomina-
tor in (219) leads to a non-vanishing contribution in the limit of lq} — q%)| > 0, even for the
short-range interaction. Due to the collisions, long-range correlations are build up. As the
result, (219) may diverge in the limit N — c. Then, trajectories do not belong to the
domain of D, and neither to the domain of A. As the thermodynamic limit implies the
existence of ‘intensive variables’, this limit does not exist when p,(¢) diverges for N — x.*

However, there are classes of initial conditions that give a finite contribution to p;(¢) as
well as to PY(g°, p"), even in the limit N — . For example, let us suppose that the initial
positions of the particles q(,), are chosen randomly. Here, random means that the algorithm
to write the sequence q(l), q3, q5, ... is ‘incompressible’ [40]. Then, in the thermodynamic
limit, the summation over n and k in (218) gives a contribution of order,

N
1 —ik'(qu—qu) \/(NL3)
—>>fke T~ S 220
£2 k n fk 1,3 ( )

As a consequence, the right-hand side of (218) gives a finite contribution of order \/c in
this limit. One can verify this estimate by taking the average of the square of the absolute
value of (220) over q) with the assumption of an uniform distribution of q(,), in space. In
this estimate, we have to take the thermodynamic limit after taking the average. This then
shows that the square is of order ¢ in the thermodynamic limit.

Let us remark that this estimate of the concentration dependence is valid only for the
ensemble average over the random distribution of the initial positions. For each given
sequence qY, q3, qJ, ..., the value of the summation (220) may change significantly.
However, the interest of this estimate is that it guarantees a finite value of (220) for almost
all choice of the initial condition q, qJ, q3, ... for a single trajectory in the thermo-
dynamic limit, as the average of the square of absolute value is finite. The random
numbers are generic points in phase space [40].

Note that if we would first replace the summation over the wave vector by the integral in
each individual term in the summation over n in (218) (such as has been done in (219)),
then take the limit N — o assuming a random distribution of the particles, we would
obtain a diverging contribution of order \/N. This shows that we have to perform the
summation over N and over k simultaneously. This difference between two limiting
procedures is essential to understand the origin of dissipative processes. We have therefore
tested the two different estimates for a simple example by numerical simulations. We
present the results in Appendix M. The results confirm -our expectation and are in
agreement with (220).

As a result of a random initial condition, the destruction operator in (206), as well as in
(207), gives a finite contribution for the trajectory in the thermodynamic limit. Moreover,
the collision operator 8, (which corresponds to a diagonal transition) in (208) also gives a
finite contribution in the thermodynamic limit, which is of order ¢ regardless of the random

*The above argument holds in any order of A whenever the J-matrix exists, as the long-range correlation is the
result of the resonance at k - v° = 0 in the denominator of (203). In quantum mechanics there are many examples
whose explicit form of the J-matrix are known, such as the delta-shell potential, separable potential etc.
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or coherent choice of the initial values q', as 6, does not depend on q". One can easily see
that for every order in A the destruction operator gives finite contribution. Moreover, one
can extend these estimates for the reduced observables (50) depending on a finite number
of particles. This shows that this class of initial conditions belongs to the domain of the
non-unitary transformations.

It is interesting to compare the trajectory in the thermodynamic limit N —  with the
one with a random distribution of q, but for a finite number N of particles. If N is large
but finite, then (220) vanishes as L2 in the large volume limit. As a result, the effect of
the interactions in (219) vanishes. Hence, the value of p,(¢) approaches its initial value (for
t—> o)

pi(1) = pi,  (in the average). (221)

This contrasts with the situation in the thermodynamic limit.

As in the thermodynamic limit the collision operator leads to diffusion processes, the
trajectory is not maintained in time. The trajectory ‘collapses’ due to the Poincaré
resonances. In Appendix F we illustrate the collapse of trajectory, using as a simple
example the ‘perfect Lorentz gas’ [1, 18]. There, we evaluate {p,(¢)) as well as {[p,(¢)]*)
for a given initial condition of a single trajectory for the system in terms of the A(A*f)"-
approximation (see the remark in Section 8). We have, of course, (p;(0))* = {[p.(0)]*).
But we shall show that (p,(¢))*# ([p,(1)]*) for t>0 (see (F21)). p,(¢) becomes a
stochastic variable and obeys a Langevin type of stochastic equation. The usual meaning of
a trajectory is thus destroyed.

In Appendix F we shall also show that all effects of initial correlations in 1 subspace
except for 1) in equation (F10) vanish asymptotically. In the IT® subspace the correlation
is generated from the vacuum of correlation P through the creation operator C® (see
(93)). As illustrated in (48) the interaction AL, (hence the creation operator) introduces an
extra volume factor Q™! as compared with the states in the vacuum of correlation. This is a
general property of the I subspace, and one can easily verify that the states in the T
subspace satisfy the delta function singularity in (45). Therefore, the delta function
singularity in Fourier space emerges as time goes on, even if we start from a non-singular
distribution function. The class of singular distribution functions (45) acts again as an
attractor.

In conclusion the maintainance of the volume dependence of the trajectory (4) and the
existence of a thermodynamic limit are incompatible. Whenever the thermodynamic limit
exists the trajectory becomes stochastic and approaches the class of singular distribution
functions (45) in the sense of distributions.

14. CONCLUDING REMARKS

The main result of this paper is the extension of the Liouville operator L, for LPS to
the class of functions which are singular in their Fourier transformations (Sections 4 and 5).
These functions play an essential role in statistical mechanics (Section 3). The spectral
decomposition of Ly in this function space has quite unique features. The eigenvalues are
complex and are given by the spectral decomposition of the collision operator ©.
Non-Newtonian contributions appear in this representation. They would be ‘hidden’ in the
spectral representation in the Hilbert space, if this representation could be obtained (even
its existence is in doubt).

There is of course much overlapping with our early work [17-19, 23-25]. The main
difference is that at this time we assumed that we had to limit ourselves to the Hilbert
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space. To obtain a semi-group representation (including complex eigenvalues) we had to
introduce a non-unitary transformation from the distribution function p to a new distribu-
tion function p = Ap (the so-called ‘physical’ representation). Now irreversibility appears
already in p. The non-unitary transformation theory appears naturally as the result of the
intertwining relation between Ly and © (see Section 6).

This non-unitary transformation is necessary to formulate #-quantities which decrease
with time until equilibrium is reached. The existence of ¥-functions have nothing to do
with extra-dynamical assumptions such as coarse graining but is a consequence of the
time-symmetry breaking due to Poincaré resonances.

The value of the ¥-function depends on the deviation from equilibrium. It is natural to
assume the existence of an entropy barrier. Only states which lead to finite values of ¥
may be found in nature (or can be prepared, see Section 8). In more anthropomorphic
terms that means that only systems involving a ‘finite information’ exist in nature. From the
mathematical point of view, this means that only distribution functions which are in the
domain of the non-unitary transformation A are realized in nature. For a finite number of
particles, this includes simple trajectories. Of special interest to us is the so-called
thermodynamical limit. The existence of this limit requires special conditions as the result
of the long-range correlations due to Poincaré resonances (see Section 8). As shown in
Section 13, this leads to the conclusion that the thermodynamic limit is always associated
with a singular distribution function lying outside the Hilbert space. If we would start with
a trajectory it would ‘collapse’. The concept of a trajectory is no more the basic, primitive
concept as assumed in classical dynamics. In general for LPS we need a statistical
description. But this is not due to our ‘ignorance’ but to the effect of the non-Newtonian
terms due to resonances.

The extension to ‘non-Hilbert’ spaces is an element which is common with the spectral
theory associated to deterministic chaos [14]. But the nature of the function space is quite
different. There the extension is introduced to avoid the difficulties associated to ‘sensitiv-
ity to initial conditions’. Here the main new element is the role of resonances associated to
persistent interactions. This latter condition means that we have to consider the system as a
whole. If we would extract any N particles and treat them in isolation all dissipative effects
would vanish and we would come back to the traditional trajectory description.

We are well aware that there are many interesting mathematical and physical questions
which need further elaboration. We limited ourselves to repulsive forces. It would be
interesting to consider also the effect of attractive forces. Also we have used formal
expressions in the coupling constant A without studying their radius of convergence. In
concrete situations we may need partial resummations. Incomplete as this work is, it shows
that irreversibility can be included in the classical dynamic description. This unification of
dynamics and thermodynamics requires a statistical formulation of the laws of dynamics
and gives to them a new meaning in agreement with the evolutionary patterns of nature.
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APPENDIX A. COMPLEX EIGENVALUES OF THE LIOUVILLIAN

In this appendix we shall show that the imaginary part of the eigenvalue of the Liouvillian associated to the
future ¢ >0 is non-positive. We shall use the resolvent formalism. The advantage of this method is that we can
derive some general properties, such as the sign of the imaginary part of the eigenvalues, without going into
detailed calculations. However, to solve the eigenvalue problem the formulation presented in Sections 4 and 5 is
much more straightforward.

In terms of the resolvent operator R(z) = (z ~ L)™' associated to the Liouvillian, the evolution operator in (7)
is written by (for ¢ > 0)

1 .
Ue) = 5[ dze ™ R(2), (AL)
2 ct
where the contour C* lies in the upper-half plane of z running from +c to —o. We have the resolvent identities,
1 !
R(z) = + ALy R(2), A2
() oL T L vR(2) (A2)
and
R(z') = R(z) = (z = Z)R()R(2"). (A3)
Equation (A2) leads to the expansion in powers of the coupling constant,
!
R(z . (A4
@ = E[ ~ Ly V]Z—Lo )

We consider the matrix element together with observables M (see (50)) and the distribution function p,
Ry o(z) = (MIR(2)Ip)). (A5)

Because of the hermiticity of Ly in the Hilbert space, each term of Ry ,(z) in (A4) is holomorphic in z for
Imz#0. Let us recall that throughout this article we are considering the situations where the perturbation
expansions, such as (72) and (A4), converge. Hence, Ry ,(z) itself is holomorphic for Imz # 0.* For the
continuous spectrum limit, each terms of Ry ,(z) in (A4) are represented by Cauchy integrals which have a
discontinuity on the real axis of z approaching from above and from below [18]. The discontinuity of Ry ,(z)
spreads over the whole real axis, as the Liouvillian is not bounded from below [18]. Because the contour lies in
the upper-half plane for ¢t >0, we are interested in the resolvent operator defined in the upper-half plane. Let us
analytlcal]y continue the function Ry ,(z) to the lower-half plane, and denote the analytlcally continued function
as Ry o(2). Then, Ry ,o(z) has singularities in the lower-half plane or on the real axis.

In the simplest case the singularities are simple poles located at Z, with Im Z, <0 (including the case
Im Z, <0). An example is the perfect Lorentz gas presented in Appendix F. We then consider the ‘residue’ of a
state R(z)|p)) with arbitrary |p)) at this pole,

[F)) = lim (z = ZJR@)Ip). (A6)
We now show that |F,)) is the eigenstate of the Liouvillian with the eigenvalue Z,, i.e.
LHlFa» = Za‘Fa»' (A’”

Using the resolvent formula (A3), we have
[Fa)) = lim (' = ZJIR@E) = R@]IP) = (2 = Zo)R(2) lim (' - Z)R(Z)P) = (z — Z)R(2)|Fa ).

(A8)
This gives a state R*(z)|F,)) which is regular in the upper-half plane,
R*(2)|Fo)) = fFa» (A9)
Hence, we obtain the desired result,
=k 1 —izt < - g
LylFe) = }_{%’LE; C+dze & Z_——l—‘:lﬁy» = ZJ|F.)). (A10)

This show that the imaginary part of eigenvalues of the Liouvillian which is associated to the future ¢ > 0 is indeed
non-positive.

However, the above argument specifies only the sign of the imaginary part of eigenvalues. In order to solve the
eigenvalue problem explicitly, we have to know in detail the analytic properties of the resolvent operator. This can
be done, for example, by the series expansion of R(z) in (A4). In each term of this expansion we have to specify
the branch of analytic continuation. This is precisely what is achieved through the rule of time ordering
corresponding to the ie-rule presented in the earlier works [26, 29].

*See [41, 42] for a similar statement for the resolvent of the Hamiltonian for quantum N-body systems.



Poincaré resonances and classical dynamics 485

APPENDIX B. ON THE LIMIT OF € — 0+

For the continuous spectrum limit 2 — o the propagator in (74) becomes the distribution,

1
—— —_

l,— I+ ie L — 1,
where @ stands for the principal part. The use of the & function 8({, — 1, is possible only because we consider the
wave vectors k as a continuous variable. For finite € the delta function 78(/,) are approximated by the Lorentzian
distribution €/(I5 + €2). To obtain a consistent evaluation for the delta function in terms of the box normalization
formalism, there should be enough discrete states around the peak of the Lorentzian. Therefore, our expressions
have to be understood in the continuous limit Ak = 27/L — 0 and € — 0+ with the condition (see (19))

\dI,/dk|Ak
EWER2E Lo
€

Find(l, - 1), (BL)

(B2)

APPENDIX C. COMPLEX DISTRIBUTIONS

Let us define the ‘complex delta function’ by (with a suitable test function f(z))

fRde(W)éc(w - 2) = flz). (C1)

Then the complex distribution in (79) can be written as (for Zf,") = w' — iy with real w’ and y with y = 0)

J aw—TM) f dw[—l— + 20i8.(w — ZU)|f(w). (C2)
[w - z]Zy w2z
The most striking consequence of the analytic continuations (76) is that the transformed state |pg)} in (130)
does not preserve the positivity of distribution functions. This is the result of the complex distribution (76a) which
leads to an exponentially growing contribution in space. Let us consider a one-dimensional integration over / with
a suitable test function f(/) and with v >0 and x > 0:

I(x) = fm———f(’) el dl. (C3)

- [lv — 2] 30
Then, the residue Res[/] of this integration at the pole / = Z E,")/u is given by

Res{I] = ?-’fif(zf,v)/u)ele”’x/v. (C4)
12

This gives the exponentially growing contribution in x for decay modes with Im Z4’ < 0.

This type of contribution in space is necessary to ensure the causal evolutlon of the deca¥ modes, as the
damping factor exp (—iZy M) in time necessary requires a space dependence given by exp [iZz9x - vt)/v]. For
v >0 with finite time ¢, this diverges in the limit of x — +«. However, the bi-completeness relation of the
eigenstates ensures that the contribution from x > v¢ in the distribution function vanishes. As the result, some
components of the transformed states should have negative values for x > vr (see Fig. 2). This question will be
more fully discussed in a separate paper [43].

Note that the causal evolution in the frame of the complex spectral representation has been already verified for
a quantum unstable system, i.e. the Friedrichs modes, which is a model for the spontaneous emission of photons
by an excited atom [44]. The reader should consult the original article for more details.

APPENDIX D. BI-ORTHONORMALITY AND THE ANALYTIC CONTINUATION

In this appendix we shall prove that the analytic continuations (76) for the right eigenstates and (102) for the left
eigenstates are sufficient to lead to a bi-orthonormal set of the eigenstates of L.
Let us consider the inner products

(FVIFYY = (NN + (801M(Z 6w (Z ¥ u§ )] (D1)

As far as Z% and Z(,;“) which have non-vanishing finite imaginary parts, or the off-diagonal transitions are
concerned, these inner products are well defined. The danger of divergence for the inner products occurs in the
diagonal transitions with v= p and f# = o (recall that we consider here only the non-degenerate case), when the
imaginary part of the eigenvalue becomes infinitesimal. As discussed in Appendix F (see also Appendix K)
infinitesimal imaginary parts appear in the diffusion modes for macroscopic scales in space, such as the
hydrodynamic scale. However, even for diagonal transitions, (D1) is well defined, as the analytic continuations
(76) and (102) lead to the product of the propagators (see (82), (101) and the discussion of the analytic
continuation in (97))
DGO Z DA Z N ~ — L D2
(o @NZHYCNZ ) ug" ) ~ (@ = Lo (D2)
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This is in contrast with the situation corresponding to the ‘velocity inversion experiment’ discussed in Appendix K.
There appears the square of the absolute value of the propagator (see (K7)), instead of its square as in (D2). As
the result, there appear singularities in the inner products which lead to an infinite ‘entropy barrier’ in the
asymptotic time scale.

As (D2) are well defined for all v and a we can now prove that our analytic continuations lead to the
bi-orthgonal relation of the eigenstates. As usual, let us consider the relation

(FQILalFR) = ZO(FOIFR) = Z§(FIFE). (D3)

As the inner products are well defined, and we consider the non-degenerate case, we have the bi-orthogonality for
a # f3,

(FQIFPY) = 0. (D4)

Moreover, the eigenstates are bi-normalizable.

We note that if we would use a simple analytic continuation with a single sign of ie, such as the Moller
scattering states in (184), we would obtain diverging products of order €1, such as (191) without the factor Q~!,
for the non-integrable systems (see also (K8)). Our analytic continuations (76) remove this difficulty. The
existence of well-defined inner products is essential to obtain a consistent description of non-integrable LPS in the
thermodynamic limit.

Let us recall that the analytic continuation (75) leads to the non-linear Lippmann-Schwinger ec%uatlons (171%
By acting with Ly — [, on (171), we recover the intertwining relations (127). This shows that |F& % and {(F{
with our analytic continuations are indeed eigenstates of L,. The bi-completeness of the eigenstates should be
verified for each specific Hamiltonian.

APPENDIX E. THE BRILLOUIN-WIGNER PERTURBATION METHOD

Let us consider the lowest order contribution (i.e. to A2 order) of the collision operators. To this order . and
yp are identical. Denoting them by ,, we have (see (97) and (121))

LoPY + 298 = LoPO + 3269 (E1)

The intermediate states have a higher order of correlation than the initial and final states in (El) (see the
discussion of (97)). This determines the analytic continuation of the denominator as in (97). Let us then denote
the eigenstates of y; by

(LoP™ + RyiIgd") = EX1gY) . (BOILoPY + 2y = (180" (E2)
They also satisfy
Lolg?) = 11D, «&YILo = (&Yl (E3)
as well as
(B85 = daps E!g‘”’»« Y= PO (E4)

The classical version of the Brillouin-Wigner equations are then given by {4]

F) = 1g") + QM%U—_—W—P(MV FO). (ESa)
(FD = (g8 + SEFYALyPo— Lo (ESb)
u (Zs' = Lp,
where
zY = (BIILulFOY = (FYILulgd"), (E6)
and
Y =1- gy (E7)

The iterative use of these equations leads to the Brillouin—Wigner perturbation expansion of the eigenstates of the
Liouvillian.

APPENDIX F. THE PERFECT LORENTZ GAS AND THE COLLAPSE OF THE TRAJECTORY

In this appendix we shall illustrate the ‘collapse’ of the trajectory using a simple model; the so-called perfect
Lorentz gas [18]. We have already used this model in a previous paper to illustrate the complex spectral
representation [1]. We shall first present a brief summary of the results (for more detail, see the original paper {1],
as well as [43]). This model corresponds to the motion of a light particle of mass m, scattered by infinitely many
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heavy particles of mass m,(m; < m, for n=2). The Hamiltonian is given by (1) with a short-range repulsive
interaction V(|q; — q,|). Moreover, we improve the condition,

{ V(a: = ga)), forj = 1.
Vilg, - a.) = 0, otherwise. (F1)
The perfect Lorentz gas is defined as follows:

(i) We assume m;/m, << 1 for n = 2. Therefore, we can drop the terms proportional to m; ! in (26).

(ii) Because of their large mass, the average velocity of the heavy particles is much smaller than the average
velocity of the test particle. The distribution function for the velocities of the heavy particles is replaced by a
product of delta functions, é,(v) = ™, 68(v,).

We shall consider a weakly coupled system A<<1. Then, the results we have obtained can be summarized as
follows.

(1) T subspace

In the A? order approximation, the collision operators 6% and 6% are the same (see (97)). Let us denote them
by 2260, Then, the matrix element of 426" is given by

220, o690, w)) = 12608(v — u), (F2)

where (¢ as the concentration of the heavy particles, and with the unit m; = 1)
26, = i(2r)22c f AV 2ms-v -2 (F3)

v, v,

This is a linear (anti-hermitian) operator acting on the velocity of the light particle. Hence, in the eigenvalue
problem

AZBOfa(VI) = Zafelvis @), (F4)

the eigenvalues Z, are purely imaginary and the left-eigenstates of the collision are hermitian conjugates of the
right-eigenstates. The linearity is a characteristic feature of the perfect Lorentz model, and thanks to it, we can
solve explicitly the eigenvalue problem for the collision operator. It is well known that the Fokker—Planck
operator for the perfect Lorentz gas can be written in terms of the ‘orbital angular momentum’ operator (see [18}).
Therefore, the solutions of the eigenvalue problem are given by (with the index a = (w, [, m)) [1}

fav1) = wolo(lvi| = w)YT'(6, ¢), (Fs)

where Y{'(8, ¢) is the spherical harmonics, where 6 and ¢ are angles in the polar coordinates of v in an arbitrary
reference system. The eigenvalues are given by

Zo = —ilAw (1 + 1), (F6)

where
A = der f “dqq?|V,[2. (F7)
0

The equilibrium mode corresponding to the zero eigenvalue of the Liouvillian belongs to the IT® subspace. and
all non-vanishing eigenvalues in this subspace satisfy Im Z O <0owithim 20 ~ 22¢.

(2) TI'¥ subspace with v# 0

In the same approximation, the collision operators with non-vanishing wave vector k #0 for v=(k, v) are
complex operators, and are given by (see (97))

(K, 0|01k, w)) = (K, 0]8D 1k, u) ~ 6:8(v ~ w), (F8)
where
O, = (k- v) + A26,. (F9)

The eigenvalues of 0, depend on the wave vector k, and are generally complex numbers. Hence, the
left-eigenstates of the collision are not hermitian conjugates of the right-eigenstates. There are no steady
eigenstates with zero eigenvalue for 6,. For small k| (which corresponds to large scale in space in the Fourier
analysis) eigenvalues are purely imaginary number and proportional to |k|2. They correspond to the diffusion
modes in space. For large |k|, there are critical values k, thereafter, the eigenvalues are complex numbers. For
large |k, the real part of the eigenvalue approaches k-v;. Hence, for small scales in space there appears a
convection flow [41]. The diffusion modes with small non-vanishing k are the slowest damped modes. All other
modes decay with a relaxation time of order ¢, ~ (A*¢)~1. The time scale t, of damping for the diffusion modes
depends as usual on the wave vector as #4 ~ (A%c|k|?)~!: the larger the scale in space (i.e. the smaller the |k|), the
slower the damping. Hence in any finite time scale, the effect of the diffusion modes does not vanish for
sufficiently small |k| [1, 41].
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Let us now discuss the collapse of the trajectory. We consider as the initial condition the trajectory (4)
N
pg. 0, 0) = ——3 e @-ay — V)T &(v,), (F10)
L3N ol

where we have dropped the index 1 of the light particle to simplify the notations. The correlation components with
k # 0 have the same volume dependence as the vacuum of correlation component with k& = 0. There is no delta
function singularity for the wave vectors for the trajectory. We assume that the initial conditions ¢° are chosen in
such a way that we are in the domain of the non-unitary transformation. This means that the spatial distribution of
the heavy particles is random (see Section 13). Therefore, we can apply the subdynamics (141) to evaluate the
evolution of the velocity v of the test particle.

As mentioned, we shall consider weak coupling, A<< 1. The traditional approximation for weakly coupled
system in kinetic theory is the A?t-approximation [17]. Then we only retain contributions of order (A2r)" with
n = (. We shall go beyond this approximation and keep terms in the order of A(A?#)" in subdynamics (141). In this
approximation, we use the completeness relation of the spectral decomposition by adding the contributions from
other subspaces than I (see also the related remark in Section 11). Therefore, our approximation is applicable
to all time scales, and is no longer an asymptotic approximation such as the A*t-approximation. It is easy to extend
this procedure to higher order approximations.

In the A(A*f)"-approximation we have to retain the contribution to v in the binary correlation subspaces I19, in
addition of the contribution from the vacuum of the correlation subspace 1. The contribution from all other
subspaces are negligible. Then we have (see (141))

(vi) = (vio + {v)2, (F11)
where
(vido = [ o0, ol e (PO + iDPp(0)
= f dvveiti §(v — V') (FI12)
N
A B 09 . a —Vk
+ = —ik-(q «q,,)jdv e-tG K — —_— (] ,
ngge v ’ v k'v——ieé(v v)
and

(Vi) =4 f dov{(0, o|C? e=1"1|p(0)))
(F13)

N
= iz Z e_fk'(qn‘Q?) dvvk - i Vk

————,—e“igk’é(v - VO).
Qn'x v kv - je

where 8, and 8, are given in (F3) and (F9). For ¢ = 0 in (F11) we recover the initial condition (vqy) = v'.

Because 6y and 6, are finite in the thermodynamic limit, the diagonal transitions associated with the collision
operators give finite contribution in (F12) and (F13). In contrast, if we do not introduce any restriction in the
initial condition in (F10), then the perturbation series of (v,) diverge for asymptotic time scales due to the
off-diagonal transition associated to the destruction operator (see (219), (J3) and (J15)). The assumption of the
random distribution of q, for the heavy particles leads to a finite contribution of the off-diagonal transitions (see
Section 13). As a result, the effect of the diagonal transition is enhanced as compared with the effect of
off-diagonal transitions. One can then isolate the contribution of the diagonal transitions from the contribution of
off-diagonal transitions.

Because of the relation,

v = (vsin 6 cos ¢, vsin dsin ¢, vcos §)
v 1 -1 v 1 -1 0 (F14)
= (—‘(Yl + Y1), =AY - Yr), UYl),
2 2i
all components of v are represented by the spherical hermonics with the index / = 1. Hence, v belongs the decay
mode of 6, with the eigenvalue —iA2y, (see (F6)), where
yi(w) = 24w~ (F15)
Then we obtain (with 00 = [v9])
: 0 A N o 2 3 -V
(v.)o = Ve ) 4 L3S e-ik-(@'-4)) J dvwe inhg. 2 Tk gy 0y, (F16)
n=2k ov kv — e

Similarly we can follow the time evolution of v2. We note v? ~ Y8(9, ¢). Hence, v? is the eigenfunction of 6,
with zero eigenvalue,

6pv? = 0. (F17)
Then we have
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(v = (vDo + (vD),, (F18)
where
P 0 3 -V
(Vg = (¥ + 2T N ekl “‘l‘l)jdvak»— Tk sy — v
Qp'% v kv — e
N (F19)
= (0% + 23 V(e - a7,
r=2
and
N
; o 1% )
(v}, = izze—tk'(qo—q,) dw2k.i Tk e~ §(y — y0). (F20)
Q0% v kv — i€

Because of the short-range interaction, only a finite number of the heavy particles can contribute to the last term
of {F19). Hence, we obtain a finite non-vanishing contribution of {v{}g in the thermodynamic limit.

Let us now compare (F11) with (F18). In (F16) when we expand the exponential term in the power of ¢, the
secular effects in the first term of (F16) start with —A2y,(0%)¢, while they start with A3t in the second term in
(F16). Similarly, the secular effect in (F13) starts with A%¢, as the imaginary part of the eigenvalues of 8, is of
order A2. On the other hand, for v; there is no secular term in (F19). The secular effects come only from (F20) in
the binary correlation subspace 11, which are of order A%¢.

As a consequence, secular effects of the square of (F11) start with order A%f, while (F18) with order A%r. This
implies

(vi) # (v)% (F21)

v, becomes a stochastic variable. Hence, the usual sense of the trajectory is indeed destroyed.

We note that the effect of (F13) cannot be neglected for any time scale due to the slow processes in the
diffusion modes for sufficiently small |k|. The value of v, does not vanish for any time scale, and depends on the
initial condition (F10) for each individual trajectory. However, if we take the ensemble average for these randomly
chosen tnitial conditions, then the effect of the binary correlation (F13} vanishes. In this sense we obtain (for

§— )
{v,) — 0.  (in the average). (F22)

This contrasts with the situation for finite N in (221).

For finite non-vanishing k, the spectrum of 6, consists of decay modes with finite time scales ¢, or ¢,. Thus all
effects of initial correlations in I1¢ subspace except for I1® in equation (F10) vanish asymptotically for any finite
scale in space. We note that states in the IT( subspace satisfy the delta function singularity in (45). Therefore, the
delta function singularity in Fourier space emerges as time goes on, starting from non-singular distribution
functions. For this class of distribution functions, the only possible volume dependence which is stable over the
time evolution is the one corresponding to (45). In this sense this class acts as an attractor.

APPENDIX G. EQUATIONS OF MOTION FOR THE PERFECT LORENTZ GAS

For non-integrable systems belonging to LPS the non-unitary transformation leads to a set of kinetic equations
(132). On the other hand, the evolution of trajectories is described by the Hamilton equations of motion which
correspond to a special case of the classical Heisenberg equations (14). Therefore, it is natural to inquire how the
transformed equations of motion (134) look when trajectories are destroyed by resonances. In this appendix we
shall give the explicit form of the transformed equations of motion for the perfect Lorentz gas. As in Appendix F,
we shall put m; = 1, and we shall not distinguish the velocity from the momentum.

Let us consider the evolution of the transformed momentum for the light particle (abbreviated to particle
index 1) defined by (see (130))

(9p(0] = (9(DIAB" (G1)

To simplicity we shall consider the A*t-approximation. {(¥(0)| is then identical to the unperturbed velocity (¥}
which is in the PO subspace. Hence, in this approximation (134) leads to

(¥5(1)| PO ~ (9(0)] e~ F e, (G2)
Recall that v is the eigenstates of 6, in (F3) with the eigenvalue —~iA?y in (F15) (see (F14)). Thus, we obtain
g
(9 50| PO ~ (F(O)] 1, (G3)

This leads to the equation of motion in the A?z-approximation,
L@ IPO = =2y ((35(0) PO, (G4)

This is a dissipative equation which breaks time-symmetry and describes the damping of the velocity.
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Similarly, the transformed kinetic energy 623/2 obeys (as v? is the eigenstate of 6y with zero eigenvalue: see
(F17)) the equation,

g«eé(t)/zlw -0, (G3)

One should note that these equations are identical to the equations for moments of the velocity which are
generated by the Fokker—Planck equation (see (F3)),

3 - s 2
A t)_(zn)ch dij v, =SVl —g(v, ). (G6)

APPENDIX H. STAR-UNITARY TRANSFORMATIONS

In this appendix we shall display some symmetry properties, called ‘star-conjugation’, of the projection operators
I and of the non-unitary transformation Ag [14, 20, 25). In the last part of this appendix we shall aiso discuss
the relation between the ie-rule and the star-conjugation.

The projection operators 1™ are not hermitian. They satisfy more general symmetry relation. To see this let us
first observe the relation between the ‘Schrédinger picture’ of the evolution in (3) and the ‘Heisenberg picture’ in
(14). By interchanging the role of the distribution functions and observables, as well as interchanging the sign of
Ly, one picture leads to the other picture. The interchange operation is called the ‘prime operation’ [25]. For the
operator IT® (137) this interchange operation corresponds to interchange of the left eigenstates by the right
eigenstates F < F. A combination of the prime operation with hermitian conjugation is called the ‘star-conjuga-
tion’ (or the ‘Heisenberg-Schrédinger conjugation) denoted by ‘«' [4, 26].! Then we have

(el FODCFPD® = e FO) (P’

= @ FOY R = [P (FY e, (b
as well as
(e n | FONCESD* = (IFOW(Fexibnty = [FOY(FY emitnt, (H2)
Hence we obtain
(emtut| FOW(FGN* = emitut| F) (FSY, (H3)
and
" = IO, ¥ = —Ly. (H4)
[T is a star-hermitian operator, while L is an anti-star-hermitian operator. Equation (H4) leads to
AW = A0 C¥* = p, (H5)
as well as
(W ZOEID* = N ZP(L) e 877 = -6F (H6)
The collision operators 8% and 6% are anti-skew star-symmetric. Applying these operations to A, we have
AE=AD,  Ab=AC, (H)
that is (for B’ # B with B, B’ = C, D)
ApAl = AjAg = 1. (H8)
We can introduce more symmetric transformations operators [14, 20, 25]. Let us define
A= S ADRPO 4+ DM, Al =Y (PO 4 CAMIZ, (H9)
v v
This is a star-unitary operator,
AA* = A*A = 1. (H10)
Then we have
(MU(@)|p(0)) = (M|A* exp (-i©1)A|p(0))), (H11)
where © is a new collision operator defined by
O = ALgA*. (H12)

*We thank Dr B. Misra for this remark.
IBy definition we have (W*)* = W.
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This satisfies

e=>4v
v
with
g% = (AM)"129P(AM)2 = (AMY2P (A1, (H13)
as well as
gor = —gv,  je. ©* = —O, (H14)

The new collision operator is an anti-star-hermitian operator. Moreover, the new transformation operator leads to
the same subdynamics 1) as (137):

MM = A*POIA, (H15)

We note that the non-unitary transformations preserve the reality of the states (see Appendix I). But the
transformed states ((g, p|Alp)), as well as (g, p|Agp)), cannot be considered as probability distribution
functions, as they do not preserve the positivity of the distribution function. This is a direct consequence of the
causal evolution of the dynamics combined with the analytic continuation (76) and (102) involving complex
distributions (see Appendix C). However, as mentioned these states play an essential role as they permit us to
introduce #-functions for dynamical systems as shown in Section 12.

The ie-rule and the prime operation

We shall show that the application of the prime operation to the ie-rule leads to (see (76))
—ie, ford, > d,,

(ie,,) = —ie,, = {
# M +ie, ford, < d,. (H16)
The nonlinear Lippmann-Schwinger equation (171a) leads to

(ACOTuh = (ulCOv)ee
1

= (M(PO + C(m)ALVW»m (H17)
+ (O = Lol (€O ) ————.
On the other hand we have from (171b) that (see (H5))
V)’ — (V) VN — 1
(AP = (AP + DO AL i)
+ (IO + Lo (D) — e
v 7 vy

1 (H18)

= {(PY + COMALy ) -

L, — 1, — (iey,)

v -1
+ (M8 = Lo)v) (MCH ) ——
f, =1, — (iey)
Because of (H5), equation (H17) is the same as (H18). This implies

(iey,) = —i€n, (H19)

which is the desired result (H16).
Let us emphasize the difference between the ‘star-conjugation’ defined in this article from the one introduced in
our previous paper [1]. There we defined star-conjugation through (instead of the second equation in (H4))

Ly = Ly. (H20)
Corresponding to (H19), we have for this case
(i€y)' = i€y, (H21)

However, with this definition the relation between star-conjugation and Heisenberg-Schrédinger conjugation is
lost. For this reason, we shall not use the definition (H20), but use the definition (H4) for the star-conjugation.

APPENDIX L. REALITY PRESERVATION BY THE NON-UNITARY TRANSFORMATIONS

In this appendix we shall proof that the non-unitary transformations (125) preserve the reality of the distribution
functions (q, plp)).
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We verify the relations
(C(—k))cc. o C(k), (D(—k))c.c‘ - D(k), (A( k))u - (k), (Il)
as well as
(05 )ee = -0, (12)

Here we have specified the correlations by its value of the wave vectors k. Equation (I2) and the last equality of
(I1) are the consequence of the first two equalities of (I1). As the result, {{q, p/Aglp)) are real for real
distribution functions (g, p|p).

Here we prove only the first equality of (I1). The proof of the second one is essentially the same. We start from
the nonliner Lippmann—Schwinger equation (171a). In the g-representation, we have

, ; -1 o e
(qlof) = ek 7+ —[‘szk ekqﬁmqu kALY k") e=#" 4 { g'| D)) N
L3N Z qu e 'I K 1k1+ i€gk e‘i""?(@/'q;f»fdq,,«k,,MLqu,,» (g @Sy,

where we have abbreviated the momentum to save the notations. We note that
(iLg)ee =iLy, (Ly)“=~Lg. (14)

Then we take the complex conjugate of (I3). Using (26) and changing sign & as well as of the dummy variables &’
and k", we obtain by a straightforward calculation

(qloip)ec = R ek + “L%k%”e”""mfdf«k'MLv’k"»e_ik/'"q'<<Q'[¢€k )ee
(I5)
+ _L_Wk% qu'e"""1—1—_—1:—1*’—1_;6'""‘7'((q’l(bfk))qu"«k"IALv a" N (g 1@
where we have used the relations I_; = —1I, and €_z 4 = €4 4. This shows that ((g|®E, )< satisfies the same
equation (I3) as ((g|® ). Moreover, we have the same boundary condition,
(ql®SNes = (qldi) = (qlk), for A=0. (16)
Hence we obtain for any 4,
(qloSiNec = (ql®i). (17)
Because of the relation (see (126) and (170))
{qlei) = (ql(PH + Ct)[k), (18)

we obtain the first equality of (I1). Similarly one can prove the second equality of (I1).

APPENDIX J. RESONANCE DIVERGENCE OF THE MOMENTUM

In this appendix we shall consider the time evolution of the momentum p,(¢) in (218). This calculation leads
also to the evaluation of the invariant PD (¢°, p°) in (206).F
We assume a Gaussian potential

Viq) = Vp e-vAd = EBe—azl2 el a, 01)
1

o=

where B = Vya?/n2,

We first consider the case where N is finite. As mentioned in Section 13 the time evolution of (218) consists of
the contrlbutlons from T1® and IT@ subspace. Let us denote the contribution from IT® by p{”, and the one from
1@ by p{(1),

p() = p” + pP(0). J2)
p§°> corresponds to the time independent part of (218), and we have (see also (219))
=p; + ABZ fdk ! ke~ak giker, (I3)
81 — i€
where
r, =q, - qi, J4)

¥We thank to Mr Z. L. Zhang who has performed the integrations given in this appendix.
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and we have abbreviated the superscript 0 on q and p for the initial condition to simplify the notations. Let us
denote the unit vectors of the polar coordinates of g,,, in an arbitrary reference system by (5,, 6,. ¢,). where 0,
is the unit vector in the longitudinal direction of g,,, €, in the transversal direction of g;, parallel to the direction
of the angle 6,, and @, in the transversal direction of g, parallel to the angle ¢,. Let us also introduce the
notations,

Fmp = (rn'ﬁn)v In2 = (l',,'é,,), Fny = (rﬂ'&)n)s (JS)
and
ky=(k-0,), ko= (k 8y, ki=(k- ), (J6)
we can write (J3) as
p(()) = Pp1 + ABZf dk f deJ’ dk3 (k]U + k26 + k3¢ )e_a (k‘+k +k‘) C'(kl nl+k2’n»+k r”,)
kwp, —
(7

where v, = |g,,]. We assume that v;, # 0. Note that the factor k; in the numerator of the longitudinal
component cancels with k; in the denominator. Hence, there is no resonance singularity at k,v;, =0 in the
longitudinal component. The resonance effect appears only in the transversal components.

We can perform the integration in (J7), and obtain
3B & . . b b
p¥ = p, + TAB ZLe—umazxr;m;J)( On e~riaaty _ Tm20n ¥ 1ian [1 + erf(;"’)]), (J8)
a

@’ as2U1a \;17 2a

where the error function is defined by

erf (x) = {% fo Ye-rdr. (J9)
We have
erf(—x) = —erf(x), (J10)
and
lim erf(x) = 1. (J1)

x—+x

Similarly, p(lz)(t) (that corresponds to the time dependent part in (218)) is given by

) 2 N ) ) 5 _
pP(r) = -7 AB 5 1 padrisrria( Pn emisddiry 0,00 — 200 T Tnan [1 +erf[ I i)
@ Ui, Vr 2a 2a
(J12)
For ¢ = () we recover the initial condition
p(0) = p” + p0) = p1- (J13)

For a finite number N of particles, p(lz)(t) vanishes in the asymptotic time limit (see (J10) and (J11)), and the
contribution comes only from IT® subspace, i.e. (for t — + )

pi(t) - pt”. J14)

Hence, the I1(Y subspace gives the asymptotic contribution for p;(¢). It is clear that the contribution from TT®
subspace alone cannot satisfy the causality. By adding the effects in I1® subspace we recover the causality for
pi(¢) in (J2).
We note that inspite of the short-range interaction, the effect of the interaction in the transversal direction does
not disappear for r,; — +«. After this limit is taken in (J8) we have
2ip N
0 mAB 1 2 ~ ~ )
p(l ) - Pp1 - " 2 ;—e (1f4a )(ra2+ri3)(rn29n + rr13¢n)~ (115)
n=2U1p

a

For ¢ =0, p,(#) was in the vacuum of correiation as it depends on only its momentum. The interaction builds up
the correlations between particles 1 and n. Then the resonance effect leads to the correlation which does not
vanish whatever the distance of the particles. As a result, (J15) diverges in the limit of N — o, and the asymptotic
value of p;(¢) is no longer analytic in A in this limit. Only for the systems with finite number of particles do we
have a meaningful estimate of the above integrals.

We note that (J 15) also leads to the estimate of the invariant P¥ in (206).

Let us note that in the above estimate of the integrals we have first taken the large volume limit, keeping the
number N of particles finite. Therefore, the limit N — « in (J15) is not the thermodynamic limit. As the result,
we have a different order estimate of (206) from the one in (220), when the positions of the particles are
distributed randomly. For example, let us recall the relation

Fna = rylsin 6, cos (¢, — ¢,) — cos 8,sin 8,], rys = rpsin @, sin(¢, = ¢,), (J16)



494 T. PETROSKY and I. PRIGOGINE

and similar expression for r,, where r,, 6,, and ¢, are the polar coordinates of r, in the reference system
introduced above (see Fig. 3).

Assuming, for example, 8, is distributed randomly, one can see that the right-hand side of (J15) increases as
VN for large N. In contrast to (220), this diverges in the limit N — . This result clearly shows that for randomly
distributed q, one cannot replace the summation over k in (218) by integration, but should perform the
summation over the wave vector k and the summation over the particles n simultaneously, as we have done in
(220); see also the example given in Appendix M.

APPENDIX K. VELOCITY INVERSION AND ENTROPY BARRIER

In this appendix we shall discuss the qualitative behaviour of the Lyapunov functions (or the #-functions
defined in Section 7 when we perform a velocity inversion at time #;. We shall see that the longer we wait, a
higher ‘entropy barrier’ is built up. In the limit ¢, — = the entropy barrier becomes infinity.

Let us for example prepare an initial condition with no correlations, i.e. the system is in the vacuum of
correlation,

lp(0))) = PO[p(0)). (K1)

By the complex spectrual representation, the evolution of the state is given by
lo(n)) = 23 ez

vV o a
The interaction then leads to the correlations among the particles. For a long time, the resonance then builds up

‘long-range correlations’ (see Section 8 and Appendix J). Let us then consider the contribution to the uth order
correlation coming from the IT® subspace,

FOWCFYPOp(0))). (K2)

POTIO|p(0))) = 3 e~ 2 pigt( Z Y uP W N (B0 120 Z D) POp(0))). (K3)

w

At t = tg, we perform the velocity inversion. Let us denote this operation by the operator T,. Then we have

quj =4, ]up] = ~P;» (K4)
which lead to
iuLH = —LH. (KS)

By an expansion in powers of A, one can easily see that the velocity inversion for the creation and destruction
operator leads to their complex conjugation.¥ Writing only the contribution from the creation operator in (K3), we
have

Z
Vi
N
vl'l r \\
. I
n Bn \
s 8[‘ I\'
M. \
~
\,I
|y

" ¢l: H_“_bh—"“—ﬁ e ,.-"”!
H @ﬁ/g n3 H,.«/-:‘{\_

Fig. 3. In this figure we show only r,; in (J16).

9One can also verify that the velocity inversion changes only the sign of the real part of the collision operator,
and leaves invariant its imaginary part.
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T, POTIO|p(re) ) ~ PW[EM(Z V)] PO, (K6)

Starting with a certain value of Lyapunov function, its value monotonically decreases till the moment ¢ = £, before
the velocity inversion. Now let us estimate the value of the Lyapunov function coming from (K6) after the velocity
inversion. To estimate this, we have to evaluate the value of the transformed state Ag7l,|0(t0))). Let us consider
the contributions where the degree of correlation in P® is larger than the one in P, ie. d,>d,. Then
AgT,|o(15))) involves the following contribution coming from the diagonal transition (see (81) and (100))
ARLIOlp(t))) ~ POTOZ) PO ZEN]e PO = POFE(Z )P

Iz

()o‘(_V) "Wicc (v)
_PWITE(Z )] P,
(K7)

In general, there are diffusion modes in space IT(” with v+ 0. We have illustrated this fact for the perfect Lorentz
gas in Appendix F. The diffusion modes are associated to small wave vectors k which correspond to macroscopic
scales in space, such as the hydrodynamic scale [18). The characteristic feature of the diffusion modes is that their
eigenvalues are purely imaginary and are proportional to —i|k|? (see Appendix F). As mentioned, resonances lead
to long-range correlations. As we wait longer, long-range correlations are built up progressively involving more
particles. This implies that smaller and smaller wave vectors k contribute to (K7). Hence, for sufficiently large ¢.
{K7) has a contribution given in the thermodynamic limit by

¥
" Zf,"l

1
fkf*
As the result, the value of the Lyapunov functions defined as the square of (K8) become larger for larger #y. The
‘entropy barrier’ increases as a function of #(, and becomes infinite for ty—» +.

This divergence appears only in the diagonal transitions. For the off-diagonal transitions, the contributions are
still finite even with the velocity inversion.

It is also interesting to see the behaviour of the Lyapunov functions for the integrable case discussed in
Section 9 (see also Appendix L). Let us again prepare an initial condition with no correlations. As mentioned, the
resonance then builds up the long-range correlations among the particles which do not vanish whatever their
distance (see also Appendix J). This situation is then described by the ‘retarded’ states |dJ) (see (184)).
Dynamically there is no reason to exclude the opposite process which corresponds to the ‘velocity inversion
experiment’. The initial condition has now an infinite range of correlations which are described by the ‘advanced’
states |®, )). After the collision the correlations disappear; but this situation which is possible from the dynamical
point of view is not observed in nature. ‘Entropy’ distinguishes these two processes. To see this, let us ask if the
advanced states are in the domain of A (or A; in (182) for this case). For example, let us consider the
normalized advanced states for the potential scattering with a single particle discussed in Appendix L (with an
abbreviation of the momentum indices in the states)

N 1
AB]n'p(tO)» -~ J‘dlﬂm - (KS)

o) = L=32|dg ), (K9)
where
qufdp«q, ple) =1 (K10)
We have (see (191))
Caplailo) ~ (@llo5y ~ L5 —1 L (K11)

QY kv —ie]?  €Q

where we have displayed only the term which is related to the ‘entropy barrier’ built up by the Poincaré
resonances. The volume factor in (K11) comes from the volume dependence of the J-matrix which is the same as
the interaction ALy (26). Because of the limiting procedure (B2), the resonance contribution in (K11) vanishes for
Q — o«. Hence, the normalized advanced state is in the domain of Ay and still leads to a finite value of the
Lyapunov function. However, the appearance of the singular factor €~! due to the resonances already suggests the
‘difficulty’ of the velocity inversion in scattering experiments even for the integrable systems. This marks the
difference with retarded states.

APPENDIX L. NON-UNITARY TRANSFORMATIONS FOR AN INTEGRABLE SYSTEM

In this appendix we present the explicit form of the solutions of (178) for &S and @2 for two-particle integrable
systems. Observing the evolution in the center of mass system, the two-body problem reduces to potential
scattering of a single particle. A similar result for the quantum potential scattering has been presented in our
previous paper [1].

For potential scattering there are only two degrees of correlations; the vacuum of correlation with dy = 0, and
the ‘binary’ correlations with d;, =1. In order to simplify the notation, we shall use the plain notation for
three-dimensional vectors, such as k.

The left and right eigenstates of the Liouvillian are constructed by iteration of (178). They are given by (see
also (184))
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(08l = (3,1 = (0, pl + 0. piT(rie) -

[

. 1 .
|®G,) =1®5,) =10, p)) + —ie_—_L;J(Hé)'O’ 20

(@R,] = (@F,] = (ke Pl + (k. pITCh 0 = 1) e Ly
[9E,) = QUIBL,) + ———POT (k-0 + ie)lk. p)
= @5, ) + 2mid(k - v)POT (kv + ie)|k, p)).
We have
Lyl®§,) =0,  (®F,|Ly =0, (L2)
as well as
Lyl®f,) = (k=)L ),  (@L Ly = (OL,|(k ). (L3)

We note that the difference |d>f,p)) —|®%,) in (L1) is proportional to &(k - v). Hence, both states @f‘p and <I>2.",,
are the eigenstates with the same eigenvalue k- v.

APPENDIX M. NUMERICAL VALIDATION OF THE SUMMATION FORMULA (220)

In this appendix we shall give the result of numerical simulations to verify the estimate (220) in a simple
example.®

Let us consider the summation (for —L/2 < x; < Lj2)
N + % ik N +% k
S(L) = D Ak Tk = > Ak ————sin (k,q;). (M1)
,—; 2 ki + 4 pt ,z_wkiwnz !
where k, = nAk with Ak =2n/L, and 5> 0. The sum S(L) is real, and its average for a uniform distribution of
q; is zero. By contour integration, one can easily perform the integration (for L — c with N finite)

n=—o

j

S(L }E gk ke, = S pe-ialsgn( M2
——eT = > me~Mlsgn(g;).
(L)~ 3 [ pw: gn (4;) (M2)
Putting y; = 2¢;/L, we obtain [45]
N +x n ” N
S(L) = _— ——— > sinh{nL(1 — |y;)]sgn(y;). M3)
() ,:21 P (nL/my? smh(nL),:zl Ln [yDsgn (v7) (

For I — o with N finite, (M3) reduces to (M2). For L = N/c we have

sin (nmy;) =

_ T 5 nN
S(N/fc) = W; sinh [T(l - J,V/l)] sgn(y;). (M4)

We have performed numerical calculations to evaluate the sums (M3) and (M4) by using a random number
generator between —1<y; <1 for various values of L and N. We have chosen the value n=0.5. We have
performed the simulations with 500 different sequences of the random number y;.

We first consider the case corresponding to the ‘thermodynamic limit’. In the sum (M4) we have fixed the
concentration as ¢ = 1. Then we have to evaluate (M4) for various values of N between 100 to 1000. The results
of the sum obtained by the numerical simulations are plotted as a function of \/ N in Fig. 4. The circles represent
the mean value of the sum (M4) over 500 different sequences. We have indicated the square root of the mean
deviation (SRMD) by squares. By increasing the value of N, SRMD remains constant as a function of \/N. This
agrees with our theoretical prediction for the thermodynamic limit.

Next we consider the summation using a ‘non-thermodynamic’ limit. In the sum (M3) we have given to L a
large value L = 10000. Then we have to evaluate (M3) for various values of N between 100 to 1000. The results
of the sum are again plotted as a function of V N in Fig. 5. As before, each circle corresponds to the mean value
of the sum (M3) over 500 sequences. We have indicated SRMD by squares. By increasing the value of N, SRMD
linearly increases as a function of VN. This again agrees with our theoretical prediction for the ‘non-thermo-
dynamic’ limiting procedure.

*We thank Dr K. H, Wen and Mr Z. I.. Zhang who have performed the numerical simulations.
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Fig. 4. The sum (M4) for the thermodynamic limit with ¢ = N/L =1 as a function of VN. We have chosen

100 = N = 1000. Each square corresponds to the square root of the mean deviation (SRMD) represented over 500

different sequences of the random number y; for a given N. We have also indicated the mean value of the sum by
the circles. By increasing the value of N, SRMD remains constant as a function of V N.
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Fig. 5. The sum (M3) for the non-thermodynamic limit as a function of VN. We have chosen L = 10* and

100 < N = 1000. Each square corresponds to the square root of the mean deviation (SRMD) represented over 500

different sequences of the random number y; for a given N. We have also indicated the mean value of the sum by
the circles. By increasing the value of N, SRMD increases linearly as a function of VN,



